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PREFACE

For centuries, most  musicians have had only a limited understanding of the mathematical properties which govern the harmonic arrangement of sounds. This has resulted in a failure to accurately conceptualize and analyze various important aspects of the particular deployment of intervals and chords which occurs in their compositions and performances.

Modern Western music theory is based on the 12-tone equal-tempered scale (hereafter, 12-EQ) - a compromised solution to tuning resulting from centuries of debate over problems of notation, intonation, and musical instrument construction and design. This tuning reflects millennia of musical practice, but its simplifications, although ingenious, do not provide the flexibility needed for a proper understanding or a clear view of minute expressive pitch usage, or of the historical evolution of intonational principles, which are two themes of this work. The 12-EQ scale, which was a hotly debated practical solution 500 years ago, has now become the only accepted scale in many cultural contexts, mostly in theory, but all too often in practice as well.

This was not always the case - indeed, at least a few ancient musical systems exhibited much more complexity and sophistication in regard to tuning their pitch resources than we have with our 12-EQ scale – and the situation is now beginning to change, as more and more musicians and listeners become more sensitive to pitch discrimination, and as they realize the subtlety and beauty that can be achieved by using more sophisticated and complex scale materials, and the ease with which the personal computer allows one to experiment with such materials.

I believe that striving to attain understanding and accuracy of the intonation intended by the composers and performers of music of all cultures and historical periods would bring about tremendous results in the study of harmony, tonality, and the psychology of music in general.  The JustMusic perspective views all possible rational intonational systems from one easily-perceived reference point, and argues that these rational systems are usually the theoretical basis of the music in question, even when an irrational system (i.e., any equal-tempered scale) is used in practice. JustMusic analysis helps to make much sense of the old systems mentioned above, as well as theories based on the 12-EQ scale.

Reaching this understanding entails studying the complex web of chronological relationships between theoretical treatises on the one hand, and musical compositions and performances on the other, in the ongoing evolution and cross-pollination of different harmonic theories.  This book and the related computer software on which I am working will hopefully be a great addition to this study.

I would like to hear from anyone who is interested in assisting me with the writing of the JustMusic sequencer / notation / analysis software, which has been under development since 1984.  Also, I invite corrections, amplifications, elaborations, etc., especially those contributions which demonstrate a more sophisticated mathematical background than I can provide.

Joseph L. Monzo

1999 October 09
Philadelphia, PA
THE NOTATIONAL BACKGROUND

INTRODUCTION

...it is an anomaly that we, a mechanically talented modern people, should insist on  accuracy to the millionth part of an inch in certain precision instruments, while we nonchalantly accept at least a seventh of an equal "semitone" as an "inconsequential" error in music
 and dismiss mathematical computations as having "nothing to do with music" because our mechanical and scientific talents remain uncorrelated with our musical talents. Were this immoderate tendency toward artificial divorcement of different branches of learning to go even slightly into eclipse the benefits to the music of the future would be fabulous.

Two Methods Of Scale Formation

Throughout musical history, there have been 2 schools of thought in regard to harmony and the way tones are considered mathematically:

1) one which assumes an infinite number of pitches as scale resources, which are derived from the comparison of frequencies as proportional ratios, and which results in a division of the octave which is unequally-spaced but symmetric, known as just intonation
; and

2) one which assumes a finite number of pitches as scale resources, derived from an equally-spaced division of the octave, known as equal temperament: the system of 12 equal degrees is the one currently in common use in most of the world.

Since the former is a system with infinite resources, to be made manageable an arbitrary limit is usually imposed.

Two Different Physiological Pitch-Coding Procedures

Pitch is often described as a bidimensional attribute with one dimension related to frequency (pitch height) and a second, circular dimension specifying the position within the octave (pitch chroma).

These two different conceptualizations of the quantization of the infinitely-variable pitch-continuum apparently arose over time as a result of the combined use in ancient humans, and perhaps even earlier homonids, of at least two different physiological coding procedures in the brain:  

1) one which translates the location of nerve stimulation along the basilar membrane in the cochlea of the inner ear into tone height which indicate pitches located at specific points within the entire audible range, at specific points in time.  This is called analytic pitch perception by Makeig; and  

2)  one which analyzes the total combined time-organization of all auditory-nerve impulses into chroma
, by comparing the frequencies of the impulses as proportions and factoring the terms of these proportional ratios into series of their constituent prime-integer bases raised to various exponents and multiplied together, according to the Fundamental Theorem of Arithmetic
.  These "chroma" are determined by the emotional affect of each prime involved in the ratio, and this analytical procedure indicates specific pitches at certain points within one "octave" - without regard for the replication of the aesthetic effect of a pitch in other "octave" registers.  This is called affective pitch perception by Makeig.

People who possess "absolute pitch" apparently either have an unusual sensitivity to this process or have learned how to become sensitive to it in a way in which those who do not possess this ability have not.
 Over time and repeated listening, the latter can acquire a good “relative pitch” by at least applying the principles to the reference frequency of a particular piece, section, or phrase.

An important aim of this treatise is to show how chroma can be manipulated by composers and performers to produce the elusive “meaning” in absolute music (i.e., music without a text or overt program). This “meaning” is to a surprising degree determined by the patterns of arrangement of prime numbers in the ratios of the frequencies heard in the performance.
Historical Limitations In Musical Conceptualization

In our frustration at the complex means it takes to wrest yet a few more permutations from a closed system, we have attempted the abandonment of all systems, forgetting that we need  never have closed our system.

Most musical systems, from cultures scattered around the world and from the earliest surviving music-theory text
 to the present day, in theory and in practice, have used tunings which are based primarily on simple proportional relationships between frequencies. However, since the beginning of recorded music theory, limitations on mathematical understanding have restricted the precision and flexibility of conceptualization needed to properly analyze the growth of new possibilities for musical expression which has taken place in performance.  These advances have progressed regardless, due to the visionary acheivements of exceptionally gifted composers, performers, and theorists, but it has been a slow and continuous struggle towards revelation
.

This ignorance has led to the widespread adoption of various methods of musical representation which have proven useful, but are too limited to allow for the precision necessary to express in music theory what has been evolving in musical practice: among these are staff-notation, syllables and letter-names. We will begin our overview with a look at some ideas of pitch-organization in older musical systems. Any or all of them may have aspects which prove useful in the attempt to construct a more precise notation.

The construction of musical systems

In most ancient musical systems, the two strongest consonances after the “octave” – the  “perfect 4th” and “perfect 5th” – were used as the basic interval measurement because they could be precisely tuned by ear. These two intervals could be used alternately to tune an entire scale, much as today’s jazz musicians think of the “cycle of 5ths”, which steps through the entire scale using alternating leaps of 4ths and 5ths to reach the next chord-root, eventually returning to the starting pitch.

The “perfect 4th”, “perfect 5th” or “octave” was used as the bounding note of the system, with a certain interval structure between the notes within the system, this interval structure usually repeating the same type of system in different registers of the voice.

Each of these systems was given a unique name – “high”, “middle”, “low”, and the like. These were small systems, consisting of from three to seven distinct pitches, and if the interval structures were repeated, the names of the notes could be repeated too, perhaps qualified by the name of the system.

As an example, our usual diatonic scale assigns a letter-name to each successive pitch from “A” to “G”, after which the “octave” is reached, which is then called “A” again, and whereby the pitch or interval structure of the progression from “A” to “G” repeats as in the “octave” below.

The strict letter-name representation ordinarily does not identify the “octave” register, unless combinations of upper and lower-case letters and tick-marks are used, or letters with integers signifying the octaves after them.

This latter system is the one used to describe a particular “MIDI note” on most modern electronic keyboards and computer-music workstations.

The note names themselves could be quite picturesque, and usually were descriptive of the construction and/or playing technique of a particular instrument – for example, the Greek names came from the position of strings on the lyre, and meant “highest”, “next to highest”, “third”, “middle”, “forefinger”, “next to lowest:, and “lowest”.

As another example of musical-system structure, the ancient Greek system will be examined in some detail, as the Greek theory has some bearing on later European theory. I have deliberately left out letter-names as much as possible in describing earlier systems, to try and give a feeling of how difficult it was for ancient and medieval theorists to discuss pitch-systems without recourse to this easy and ready-made system of ordering.

Overview of Ancient Greek Theory

The basic system in ancient Greek music theory was the tetrachord (“4-string system”), which was bounded by the interval of a diatessaron (“perfect 4th”). This interval was always described either numerically as the ratio 3:2 (referring typically to string lengths), or as the “perfect concord” of the 4th, tunable by ear, which gave exactly the same 3:2 ratio.

Each of these individual tetrachords exhibited a particular internal interval structure which defined a certain genus (“type”). The two internal notes were flexible in pitch, and there are numerous descriptions of these intervals sizes by many different theorists, represented by some as rational proportions and by others as geometric “step sizes”. Broadly, however, the genera were described as three forms, each of which could have several “shades”:

· the diatonic (“through tones” ), 

· chromatic (“colored “), and 

· enharmonic (“properly attuned” ). 

They were described in a general sense by Aristoxenus
 in the following geometric terms, which retained currency for centuries afterward:



Diatonic
Chromatic
Enharmonic
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tone
trihemitone

[tone + semitone]
ditone [2 tones]

(
moveable





“Perfect 4th”


tone
semitone
diesis [quarter-tone]
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semitone
semitone
diesis [quarter-tone]
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The only intervals that were always consistent were the bounding “perfect 4ths”, which, again, could be easily tuned by ear. Aristoxenus himself described various different “shades” of genera
 (i.e., “soft”, “tense”, “equable”), with minute pitch variations determining the “shade” within the overall generic format.

Each tetrachord used in any larger system was assumed to have the same interval structure between its four pitches.
, thus the genus would remain consistent throughout all registers. The standard Greek 7- and 8-tone scales were of two different types respectively, as tetrachords could be connected in two different ways, either:

· conjunct -- with the same pitch forming both the lower boundary of one tetrachord and the upper boundary of the next, or

· disjunct – with a separation of a “tone” between the lower boundary of one tetrachord and the upper boundary of the next. This “tone of disjunction” was also invariable, and always had the frequency ratio 9:8.

Conjunct system:

Type of pitch
Greek name
Translation

(
FIXED
Nete
lowest / furthest string

(
moveable
Paranete
next-to-lowest / next-to-furthest

(
moveable
trite / paramese
third / next-to-middle

(
FIXED
Mese
Middle

(
moveable
Lichanos
fore-finger

(
moveable
Parhypate
next-to-highest / next-to-nearest

(
FIXED
Hypate
highest / nearest

Disjunct system:

Type of pitch
Greek name
Translation

(
FIXED
Nete
lowest / furthest string

(
moveable
Paranete
next-to-lowest / next-to-furthest

(
moveable
Trite
Third

(
FIXED
Paramese
next-to-middle

“tone of disjunction”




(
FIXED
Mese
Middle

(
moveable
Lichanos
fore-finger

(
moveable
Parhypate
next-to-highest / next-to-nearest

(
FIXED
Hypate
highest / nearest

The diatonic genus of each of these types were described by Nicomachus
 as the oldest Greek scales, and these diatonic forms could easily be tuned by ear as a succession of “perfect 4ths” and “perfect 5ths”.

Larger systems were eventually constructed, which again were of two types, based on whether tetrachords were connected conjunctly or disjunctly:

· the Greater Perfect System had a mixture of conjunct and disjunct tetrachords - there was a space of a “tone” between bounding notes of the two middle tetrachords, the tetrachord above connected conjunctly to the highest tetrachord, and the tetrachord below connected conjunctly to the lowest tetrachord; and

· the Lesser Perfect System had three conjunct tetrachords, meaning that there was no space between; in other words, the notes which formed the top boundary of the lower tetrachords was the same note which formed the bottom boundary of the next higher tetrachords.

In both the basic scales and the larger systems, the conjunct method of construction appears to be the oldest. Two factors which point to this supposition are

· the conjunct scale’s structure does not take into account the “octave” replication of pitches; generally, the recognition of “octave equivalence” in a culture’s musical system is a later stage of development; and 

· the nomenclature of the tetrachords themselves seems based on a 3-tetrachord system.  The string given the name “Middle” actually is the middle string of the seven strings used in the the conjunct scale, and the tetrachord called “Middle” actually is the middle tetrachord in the 3-tetrachord conjunct system, whereas the string in the disjunct scale and the tetrachord in the disjunct system which have the name “middle” are no longer actually at the centers of their respective structures.

As stated earlier, the Greeks devised two different systems of notation which used letters or permutations of letters to represent pitches. The older form, the “instrumental”, used very old alphabetic characters and their permutations – the letters are probably Phoenician in origin. The later form, called “vocal”, used Greek letters in a systematic fashion
.

Greater Perfect System                 

Lesser Perfect System                                         

A                      nete                             

G               paranete           hyperbolaion              

F                      trite                                    

E                      nete                                    

D                paranete          diezeugmenon     
D                      nete     

C                       trite                     

C               paranete           synemmenon

B               paramese                   

tone of disjunction

Bb                   trite           

A                    mese                   

A                   mese            

G                lichanos                     

G               lichanos          

F               parhypate          meson          
F              parhypate           meson    

E                  hypate                   

E                  hypate                   

D                lichanos           hypaton 

D               lichanos            hypaton 

C               parhypate 



C             parhypate             

B                  hypate                   

B                  hypate                     

tone of disjunction




tone of disjunction
A proslambanomenos                      

A proslambanomenos

Roman and Frankish theory

The origins of our current European-based theory are found in the writings of the Frankish scholars employed by Charlemagne.  All of the various Greek ideas, excepting those specifically concerning the chromatic and enharmonic genera, were utilized and altered by Frankish theorists from the 800s to about 1000

When Rome conquered Greece in the 200s BC, the Greek system of music theory was adapted by the Romans to their own music. It is my guess that the actual Roman music was probably quite different from the Greek, and became either more similar to it or more divergent from it when Egypt became a part of the Roman Empire around the time of Caesar. 

After the German tribes overthrew the Western Roman Empire in the late 400s AD, the Greek writings were largely forgotten, with the notable exception of those recently translated expertly into Latin by Boethius – and even his work languished for at least a couple of centuries during the “Dark Ages” of the 500s and 600s, until “rediscovered” by Charlemagne’s scholars.

By this time, Western European music had become based in and ruled by the Christian Church, and was probably very different from both the ancient Greek and Roman musics – most notably, the diatonic genus seems to have prevailed, while the chromatic and enharmonic were no longer in use. The Frankish monks who were now struggling to notate and theorize about their contemporary musical practice fell back onto the Greek theory as transmitted by Boethius, however, they probably had little understanding of the Greek alphabet of language, both of which were still used by Boethius to represent the pitches in his discussions. This led to the mingling of Greek theoretical concepts with innovative ideas stemming from the Franks’ own music, together with some misinterpretations of the original Greek system.

The interval between the lowest and highest note in a tetrachord was always the “perfect 4th”. Since the diatonic was by now the only genus in use, the intervals between degrees in the scale (the “steps”) were now confined to being either “tones” (“whole-steps”) or “semitones” (“half-steps”). The Franks classified their chants according to “mode”, by the interval structure surrounding the “final” of the chant, as follows:
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MODE:
1
2
3
4

The exact pitch structure was retained from the Diatonic genus of the combined conjunct-disjunct Greek system, but functions were transposed down one “step”, thus creating a new interval structure for the tetrachord: tone-semitone-tone ascending instead of tone-tone-semitone descending.


Eventually the Greek idea of an alphabetic notation was adapted by Roman theorists: the bottom note was called “A”, with the other letters up to “G” naming the notes of the ascending scale, and the cycle repeating at the “A” an “octave” higher. Thus was born the standard European letter-name representation still in general use today.

The pitch of conjunct tetrardus superiores (which eventually came to be called “C”) was the same as that of disjunct tritos superiores (thus also “C”), and the pitch of conjunct deuterus superiores (later called “A”) was the same as that of disjunct protos superiores (also “A”), but that of conjunct tritos superiores was a “semitone” lower than that of disjunct deuteros superiores, thus two different shapes and names were used for each distinctive “B”: the former was written “(” and called “round-B” or “soft-B”, while the latter was written “(” and was called “square-B” or “hard-B”.

Guido’s Solmization system

During the period of Frankish theorizing, this set of pitch-functions had become standardized, and the Enchiriadis treatises indicate that systems of “pentachords” (“five-string systems”) had become a useful conceptual unit by the 800s or 900s. Shortly after 1000, the primary musical unit was expanded by Guido to the “hexachord” (“six-string system”). The lowest note was extended a further “added tone” to low “G”, and this was given the name “(” (Gamma). Guido ordered the complete set of pitches into an interlocking system of three different hexachords: the “natural” C-D-E-F-G-A, the “hard” G-A-B-C-D-E, and the “soft” F-G-A-B(-C-D.

He utilized as his paradigm a hymn wherein each phrase began on a successive pitch in the ascending “natural” hexachord, and gave these pitches the names of the corresponding syllables in the hymn; thus:

C
D
E
F
G
A

ut
re
mi
fa
sol
la

The interval-structure present in this hexachord was transposed to as many other pitches available in the whole system as possible, namely those beginning on G and F.

Each tone was represented by its letter and syllable together and indicated not only the tone but also the hexachord: i.e., C-ut, F-fa, F-ut, etc. The word “gamut”, which is used to describe this entire system, comes from the lowest note, “Gamma Ut”.

These alternate pitches corresponded to what was later called "B-natural" and "B-flat":  

These were indicated in Guido's system of musica recta (true or real notes) - the hexachord "C-D-E-F-G-A" and its transpositions beginning on "F" and "G" - as "square-" or "hard-b" (b-quadratum or -durum, written "h" or "( ") and "round-" or "soft-B" (b-rotundum or -molle, written "b") respectively:

These two notes came to represent the points of mutation between two different hexachords which were a "tone" apart, the "b" indicating the fa of the hexachord starting on "F", and the "h" indicating the mi of the hexachord starting a "tone" higher on "G".  

The system of solmization was originally designed for plainchant (which made little or no use of notes extraneous to the hexachords) and had to be extended to cope with the growing demands of polyphony.  It was by transposing recta hexachords to alien pitches that semitone steps other than B-C, E-F, A-Bb could take their place within the solmization system. ...The Enchiriadis treatises of about 900 give the earliest explicit and extensive theoretical account of chromatic alteration.
 

Since "round-B" was lower in pitch than "square-B", the note-letters themselves slowly evolved into the "flat" (b) and "sharp" (#) signs as they eventually came to be used together with other note-letters (flat signs first, for "E" and "A") to indicate the same types of mutation into alien hexachords, with the "accidentals" still used in conjunction with solmization, in the system of musica ficta (fictitious or imagined notes - a term first used around 1250):

Only the raising or lowering of a note to create a pitch not in the recta gamut...makes a ficta note.

Wherever b is placed we ought to call that sound fa, and wherever # is placed we ought to call that sound mi, regarless of whether the note would or would not normally have those syllables.

Accidentals in the Middle Ages do not have the single, consistent effect we attribute to them nowadays, but rather have a single, consistent function which covers several different effects including our present one.

Gradually, during the 1400s, the meaning of these signs was crystallized as the operation of lowering and raising the pitch, and the "natural" sign ((), which also evolved from the "square-b", and until that time had been used interchangeably with the sharp (#), was now being used to represent the unaltered note, as the concept of absolute pitch took hold.  During the 1600s, by the time the full complement of 21 chromatic notes had come into use - 7 each of "natural", "flat", and "sharp" - signs for "double-flat" (bb) and "double-sharp" (x or ##) were also found necessary, but even these would ultimately still be found inadequate as theorists began to realize that the notation was too limited to represent the rapid advances in harmonic complexity which were occuring in performance practice.

Using letter-names was a useful conceptualization, but it lacked the mathematical precision needed to allow for the future growth of the system.  Of course, these letters are represented by Guido's staff-lines, so their limitations are also carried over into his system, and thus also engender additional problems with staff-notation.

Musical Staff-Notation

In Europe, from around 400 to 600 AD, the ekphonetic notation used for Greek speech-recitation evolved into neumes - curved signs which vaguely indicated graphically the rise and fall of a melodic line, and which were first documented c 820. Hucbald advocated the combined use of both letter-names to pinpoint the pitch and neumes to represent melodic subtleties
.

Around 900 a reference line was added to indicate a specific reference pitch.  Another line was added later, and from about 1030, the 4-line staff-notation attributed to Guido d'Arezzo became standard:

It was an ingenious new way to represent the European Plainchant music of that time in writing, and it succeeded so well because it was a graphical way to understand pitch and time. Guitarist Stanley Jordan has characterized this process as an example of harmony (in its broad meaning), in that it represents something that we perceive in one sense (that of hearing) as something that we perceive in another, very different sense (that of seeing).

However, it has a serious flaw from a logical standpoint: although the lines and spaces are all equidistant, each line and space represents a pitch in a diatonic scale which is composed of both "whole-" and "half-steps”, so that moving between a line and a space may indicate indiscriminately either of the two interval sizes, thus: a “whole step” between the lines and spaces which represent A-B, C-D, D-E, F-G, and G-A, but a “half-step” between the lines and spaces representing B-C and E-F.

Conceptual Limitations

There is even a problem with mathematical notation using simple proportions.  Integer ratios have been used to analyze pitches since at least the time of the ancient Greeks, and perhaps as far back as 2800 BC by the Chinese, and have been advocated as a means of exact pitch-identification by several modern composers working in just-intonation, such as Harry Partch, Lou Harrison, James Tenney and others.  This is a precise method for comparing periodic tones, but it still fails to portray the patterns of relationship which can be found in the numbers.  Also, the terms of the ratios become cumbersome to compare as the numbers become increasingly larger.  (Both of these limitations are rectified through the use of prime factorization.)

Add to these notational difficulties the limitations on instrument design - particularly the inability of the hands to play on keys which are too far apart or on frets which are too close together, or not enough fingers to cover the necessary number of holes - and it is easy to see that by the 1600s, European composers and theorists could not reconcile the expansion of theoretical possibilities with the technology then available.  A desire to formulate a practical solution to this problem, and the compromises in tuning which followed, resulted first in the use of various "mean-tone" temperaments (first described by Pietro Aron in 1523
), and then in the large-scale adoption of the familiar 12-tone equal-tempered scale (hereafter abbreviated as 12-EQ) still in almost universal use now, and also in the rigid standardization of musical instrument design.

Gradually, the acceptance of this compromise in musical practice became unquestioned in theory, so that by around 1900 the 12-EQ scale was generally considered to be the only one available for use.  By this time, the teaching of the proportional mathematics of musical harmony had ceased to be a part of most musicians' training.  This has led to the disturbing result of an unconscious limitation on harmonic conceptualization for many composers, since most of them learn theories of harmony solely on the basis of the 12-EQ scale system.

The retention of this scale by Schoenberg, at a time when his stylistic development and even his own theories were crying out for increased and more refined pitch resources, played a very significant part in the subsequent development of 20th-century music.

As the new millenium dawns, it is heartening to have at hand the means and the vision to change this. With electronic music synthesis and computer technology now readily available to help solve the problematic practical aspects of instrumental and notational  limitations, I have been able to fashion a very complex and sophisticated just-intonation music theory based completely on the mathematical relationships of the prime-number factors of small-number frequency ratios inherent in human analysis of the comparison of musical sounds or tones, and capable of describing the dynamic pitch displacement (or modulation) that has become so important to harmonic music.  I call this system JustMusic. 

GENERAL INTRODUCTION TO NOTATION

Difficulties In Specifying Pitches On Paper

The familiar European musical notation (with lines and spaces) was invented around the 8th century merely as an aid to memory. Originally, 1 line was used to represent a specific pitch, and the notes were placed on, above, or below it, indicating the reference pitch accurately, but the pitches above or below this reference only in a vague relative manner.  Harmonies were actually sung in consonant small-integer ratios, the singers using their hearing to stay in tune, and each pitch was given a specific letter-name.  Over a period of several centuries, other lines were added, to form a complete staff, and then eventually other staves were added, to form a score, along with the numerous other symbols that convey various theoretical concepts or performance directions.

Even though a specific pitch has one function (or identity) within a particular chord, this same exact pitch can have an entirely different function within another, different chord. When these 2 chords occur in succession, the pitch which is held over from the first chord and which takes on a new function in the second is called a "common-tone".

As an example, a standard chord progression is illustrated, in regular common-practice music theory terminology:

Here, the note "G" - the common-tone of both chords - is the "root" of chord no. 1 ("G-major"), then becomes the "5th" of chord no. 2 ("C-major"). 

A problem arose when composers began modulating from one tonality into another. The basis of modulation is a concept analogous to that described above - that of a "common-chord": the last chord of the old tonality (or key) has one function within that tonality, then this same chord takes on a new function as it ushers in the new tonality.  For example: 

Chord no. 4 ("C-major") is both: 

1. the final chord of a progression the goal of which is the I (1st degree = "Tonic") of the "key" of "C-major", and 

2. the "common-" or "pivot-chord", because the continuation shows that it also functions simultaneously as the IV (4th degree = ”Subdominant") of the "key" of "G-major".

This technique lends itself well to an equally-divided scale, because the exact same tonal patterns can be transposed to another pitch level. In a simple just-intonation system, however, this procedure usually cannot be carried out in the same way, because of the unequal spacing between tones in the scale. A particular scale pattern or set of frequencies usually cannot be reproduced exactly in transposition at another pitch level without replacing some of the tones with others which are close by in frequency.

Given a collection of available elements, the choice of a sub-collection of these as a referential norm provides a norm that is distinguishable by content alone...  ...transposition...results in the adjoining of pitches which are not present in the original collection, and this establishes a new sub-collection.

Although these words can also refer to traditional tonal music in the 12-EQ system (which is probably what was intended), they are particularly apt for describing just-intonation.

Thus, in just-intonation modulation, the new function of the chord usually requires some of the notes to be adjusted slightly in frequency, even though in standard music notation they are written as either the same exact note or as an "enharmonic equivalent" - in either case, these common-tones (between keys or tonalities) are theoretically assumed to be, and are notated as, the same pitch or pitch-class
, even though in practice and in harmonic function they may not be the same.

As described by Partch
, there are three ways to effect a modulation in just-intonation, by making the common-tone in both chords agree with:

· the antecedent tonality. In this method the common-tone is consonant within the first chord, then is held over and becomes dissonant to the other tones in the second chord, which demands resolution, and effects a strong modulation into the subsequent tonality. One might say the common-tone is carried reluctantly into the orbit of the subsequent tonality, and will only be replaced by its new tuning later during the unfolding of the new key.

· the subsequent tonality. This brings in the subsequentent tonality in an abrupt way,”anticipated”, as it were, with the common-tone entering in the first chord in its new tuning as dissonant to the other tones, which belong to the antecedent tonality. The surprise of the newly-tuned common-tone is dissipated in the second chord, because this tone in a sense “pulls” the tones of the second chord into the subsequent tonality, thus exhibiting a n entirely different kind of harmonic logic: as the second chord is consonant, the demand for resolution is much less strong than in the first method, but is somewhat compensated for by the more gradual introduction of the subsequent tonality.

· both respective tonalities. In this method, the so-called “common-tone” must actually change pitch slightly from the first chord to the second. In this case, neither of the two chords has a dissonance. The harmonic effect is very smooth, but lacks the liveliness of either of the above two methods.

This is a subtlety of expression which is utterly non-existent in 12-EQ, where exactly the same types of pseudo-consonances (or pseudo-dissonances) are always present in all modulations.

Thus, to make the chords of a modulation acoustically correct, the letter-names of notes should indicate a range of frequencies. However, in standard music theory, after musicians stopped learning about the mathematical basis of harmony, these letters were assumed to be exact frequencies. This eventually led to a tempered scale, where tones are mistuned slightly so that one letter-name can approximately represent several different frequencies. This makes it easier to manipulate letter-name notes on paper, and it also has distinct advantages in the construction of acoustic instruments, which require the total number of available "notes" to be relatively small in order to be practicable.

The disadvantage of this situation is that harmonies which are referred to as being "consonant" no longer actually are. They are actually dissonances which we perceive as out-of-tune consonances.  So, when music was first written down, we sang exact consonances, but indicated them vaguely in writing. Now, at least in so-called "tonal" music, we write exactly the consonance we want (within the limitations of the notation we use), but the resulting sound only approximates that theoretical consonance, unless the performer corrects the intonation.

Because of the diversity of tuning systems in use in Europe (and indeed, in the rest of the world also) before the adoption of the 12-EQ system, in order to represent pre-19th Century music accurately in sound, it must be performed in a tuning which either was advocated or used by the composer, or was prevalent in the practice of the time and location.

Serial Music

In regard to so-called "atonal" and serial or 12-tone music: I believe that the human brain is capable of understanding complexity better if it can be broken down into, and conceptualized as, a hierarchical structure built up from small elements. This is what leads me to believe that everyone's ear and brain will attempt to understand the frequencies or pitches of all collections of heard musical tones in reference to the small-integer proportional relationships that can be implied by the frequencies in the collection, and the patterns of the prime-number factors which constitute these proportional numbers; therefore, I agree with Schoenberg that the term "atonal music" is an oxymoron and is thus inappropriate: 

The word "atonal" could only signify something entirely inconsistent with the nature of tone. ...Everything implied by a series of tones constitutes tonality ... at least insofar as a relation has to exist from tone to tone.

Schoenberg insisted that the 12-EQ system was simply a practical solution which would eventually be replaced:

The [12-EQ] tempered system was an emergency measure...an ingenious simplification...which should not last longer than the imperfection of our instruments requires.

Thus, while serial technique possesses powerful structural capabilities of its own - and indeed, these are uniquely suited to an equal-tempered scale - I think that it needlessly banishes the opportunity to present the clear tonal relationships which are already implied by our brain's attempt to compare the tones' frequencies. (A wonderful amalgamation of serial and just-intonation techniques can be found in Ben Johnston's 6th Quartet
).

I propose to remedy this situation by offering a new notation for music and its analysis - one which expresses frequencies precisely, and at the same time, makes exactly clear the degree of complexity and the numerical patterns of relationship between the tones involved.  I hope my work will stimulate others to produce not only new original compositions, but also JustMusic analyses, interpretations, performances and recordings of great masterworks of the past as well.  It is my wish that the theory and system of notation presented in this work and in my computer programs will help to bring about a "broader tonal explanation that works for the whole of music"
. 

THE MATHEMATICAL BACKGROUND

BASIC CONCEPTS

Frequencies Notated As Ratios

...high pitches are incited by more frequent and faster motions, whereas low ones are incited by slower and less frequent motions...Plurality makes the difference in these matters, and plurality necessarily consists in a kind of numerical quantity.  Every smaller quantity is considered in relation to a larger quantity as number compared to number.

A sound which exhibits a fixed pitch, and which thus can be used in a system of harmony, is one which is called periodic, and which vibrates at an exact frequency, measured in cycles-per-second (cps) or Hertz (Hz).

Any 2 frequencies {f1,f2} may be compared as a ratio of 2 positive integers  fo :  fu, and this ratio may be reduced to its lowest integer terms, or may be described as a decimal proportion compared to 1:



  =   

                                                                                           (1)

where

0
<
fo,  fu
and

fo,  fu



{1, 2, 3, ...}

for example:




=



=
1.5 : 1

As a relative measurement, the ratio represents both:

1. - the numerical relationship between the frequencies, and

2. - the interval distance bounded by the 2 frequencies.

In comparison to a standard reference frequency, the ratios give the absolute pitch-classes for the system in use.

"Octave Equivalence"

The fundamental unit is the octave, which has the unique property that its two notes are felt in some indefinable way to be the same, though in pitch level they are recognizably different.

Any frequency f compared to itself is expressed as the unity ratio:



  =   

                                                                                            (2)

(for example:

256 Hz : 256 Hz
=
1 : 1).

Any frequency f multiplied by any integer power of 2 results in a musical pitch which has the same aesthetic properties as f:

2p * f  

  f                                                                                         (3)

where

p



{...-1, 0, 1,...} .

In current terminology, this is called "octave equivalence". As mentioned in the Preface, the Ancient Greeks developed a notation system which used the letters of their alphabet to represent musical pitches.  In medieval European music-theory, this system was adapted to the basic 7-tone scale in use: A  B  C  D  E  F  G, which is approximately analogous to the white keys on the piano.  The next note - the 8th, or "octave" - was exactly double the frequency of the 1st note, and therefore was equivalent to it in aesthetic effect with respect to pitch, and thus was given the same name. Pitch-class is the term which refers to a certain note within the "octave", without designating any specific "octave"-register.

Thus, this operation produces no new material for a musical scale. Whenever this "octave" interval is explicitly under consideration it is expressed as 2/1; otherwise, 1/1 will suffice to indicate that both tones are of the same pitch-class. Because of this "octave" equivalence, every ratio will be expressed as having a product between 1 and 2:

1
<



<
2                                                     (4)

In the ancient Greek study of music, this recognition of “octave” equivalence led to the division of all integers into two classes: odd and even. It will be seen that odd integers provide the functional identification numbers needed to designate the tones which are members of a chord: every even number can be divided by 2, to make it an “octave” lower and eventually (if the process needs to be repeated) leaving the remaining odd number which can then be factored into its prime constituents.

Starting Point: A Reference Tone

The only international tuning standard (though it is not universal) is a tone called A-440.  This means that the pitch or note called "A" above "middle-C" should be fixed at a frequency of 440 cycles per second.

"Middle-C" itself is thus a sort of reference too: it is the "C" which lies in the middle of the 88-key piano keyboard, and also which is notated on a ledger line which lies right between the upper (or "treble") and lower (or "bass") staves.

In traditional music theory, "C" is the keynote and name of the scale and tonality where all notes are represented by letter-names only, with no "accidentals" (no "sharps" or "flats") - again, analogous to the 7 different white key notes on the piano keyboard.  Because of this simplicity, examples of theoretical concepts are usually presented in the "Key of C".

The approximate range of human hearing is from 20 to 20,000 cps. Described as powers of 2, this is roughly 24 (=16) to 214 (= 16,384) cps.  Since 2n

21, and since 28 = 256 cps - which is quite close to "middle-C" in the standard 12-EQ scale based on A-440
 - the basic reference tone which I use is C-1 (C = 1 cycle per second).  Since my whole system is based on proportional numerical measurement, I feel this is the most logical starting point.

Thus, the exponents of prime-base 2 will indicate the beginning of each new ascending "octave", represented in notation as follows:

EQUAL TEMPERAMENT EXPLAINED

An Old But Useful Simplification

An analysis of equal temperament is provided here simply because most musicians are familiar with it, and therefore, various aspects of the system can be used for referential purposes.

Ben Johnston has presented the idea that more-or-less equal divisions of the "octave" are preferred for linear or melodic movement, while proportional divisions (which are unequal) are preferred for harmonic consonance.
 The idea of dividing the "octave" into 12 steps is a very old one which can be traced back to before 2000 BC in ancient China: 

Ling Lun's ["the Music Measurer's"] formula...[achieved] a set of 12 tones of fixed pitch for the transposition of pentatonic melodies

and medieval theorists who misunderstood the ancient Greek Aristoxenus were apparently the first to consider the 12 steps to be equal, at least theoretically
 - although the mathematical calculations needed to achieve this accurately in practice were not discovered until centuries later, presented in the West by Simon Stevin (c 1596) and Marin Mersenne (1636)
.

A Unit Of Measurement: The Semitone

Since, because of equation (3), "octave"-equivalent frequency ratios form a geometric (not arithmetic) progression, what we perceive as the addition of intervals is actually multiplication, and dividing the "octave" into any number of equal steps is a process of extracting roots.  Thus, since 2 is the proportion which represents the "octave", what we perceive as being linearly 

 of this    - or the Semitone - is:

1 : 


=
1 Semitone                                                    (5)

This interval is an irrational number - approximately 1.0594631 : 1 in decimal form.  It is the basic measurement used in the standard 12-EQ scale, and it is very useful for comparing just-intonation intervals. Given to 2 decimal places, it indicates the same limit of discrimination as Ellis's measure of cents
, and I will use it in this fashion throughout this work (with the initial letter capitalized). It also helps to clarify the intonational adjustments indicated by the accidentals in JustMusic musical notation.

The 12-EQ Scale

Each successive "step" or degree in any equally-spaced scale can be calculated by increasing the exponent of 2 incrementally by 1, thus each degree (described as an integer) also denotes the power of 2 whose root will be extracted:

for a scale of n equal degrees,

the ratio of degree d =  

                                                    (6)

Here is the standard 12-EQ scale, using Middle C-256 as an arbitrary starting point, with degree-numbers given below, and brackets indicating which notes are "enharmonically equivalent" (that is, notes having the same pitch but different notations):

Thus, in this scale:

B
degree 11
=



=
11.00 Semitones
15/8

Bb / A#
degree 10
=



=
10.00 Semitones
9/5 & 16/9

A
degree 9
=



=
 9.00 Semitones
27/16 & 5/3

Ab / G#
degree 8
=



=
 8.00 Semitones
8/5 & 128/81

G
degree 7
=



=
 7.00 Semitones
3/2

Gb / F#
degree 6
=



=
 6.00 Semitones
45/32

F
degree 5
=



=
 5.00 Semitones
4/3

E
degree 4
=



=
 4.00 Semitones
81/64 & 5/4

Eb / D#
degree 3
=



=
 3.00 Semitones
6/5 & 32/27

D
degree 2
=



=
 2.00 Semitones
9/8 & 10/9

Db / C#
degree 1
=



=
 1.00 Semitones
16/15

C
degree 0
=



=
 0.00 Semitones
1/1

This scale is theoretically the basis of our standard keyboard (and related percussion), woodwind, valve-brass, and fretted-string instruments. Thus, the only commonly-used instruments which do not have this limitation are the human voice, orchestral strings, and trombone. Among the instruments with built-in pitch division, modern guitar, synthesizer, and woodwind technique emphasizes bending the pitch of a tone in order to achieve a particular expressive result. 

Other Equal Temperaments

An equal-tempered system may be constructed with any number of degrees, or to put it another way, the "octave" may be divided into any number of geometrically equal steps, with the irrational proportions calculated from equation (6).

The so-called “Quarter-tone” scale is given first because it is both the easiest to conceptualize and because historically it was the non-12-eq scale that was usually considered before the modern re-emergence of microtonality.

24-EQ:

degree 23
=



=
11.50 Semitones
31/16

degree 22
=



=
11.00 Semitones
15/8

degree 21
=



=
10.50 Semitones
11/6

degree 20
=



=
10.00 Semitones
16/9

degree 19
=



=
9.50 Semitones
(7/4)

degree 18
=



=
9.00 Semitones
27/16

degree 17
=



=
8.50 Semitones
18/11 & 13/8

degree 16
=



=
8.00 Semitones
8/5

degree 15
=



=
7.50 Semitones
99/64

degree 14
=



=
7.00 Semitones
3/2

degree 13
=



=
6.50 Semitones
16/11

degree 12
=



=
6.00 Semitones
45/32

degree 11
=



=
5.50 Semitones
11/8

degree 10
=



=
5.00 Semitones
4/3

degree 9
=



=
4.50 Semitones
(21/16)

degree 8
=



=
4.00 Semitones
81/64 (& 5/4)

degree 7
=



=
3.50 Semitones
11/9

degree 6
=



=
3.00 Semitones
19/16 & 32/27

degree 5
=



=
2.50 Semitones
37/32

degree 4
=



=
2.00 Semitones
9/8

degree 3
=



=
1.50 Semitones
12/11

degree 2
=



=
1.00 Semitone
17/16

degree 1
=



=
0.50 Semitone
33/32

degree 0
=



=
0.00 Semitone
1/1








This is the system which produces "quarter-tones", which are each exactly 0.50 Semitone.  It is easy for people familiar with the 12-EQ system to simply conceptualize a "quarter-tone" exactly between each of the 12 regular degrees, thus this system has been advocated by many microtonal composers as an easy means for expansion of tonal resources; two of the earliest and most notable are Charles Ives
 and Alois Haba.

Another useful aspect of this system is that it requires very little notational reconfiguration: I find it easiest to use an up- or down-facing arrow in front of the note or note-with-accidental, to indicate the “quarter-tone” adjustment. Other composers have attached the arrow to the sharp and flat signs, and still others have used backwards-flats and sharps with single or triple lines rather than the usual double lines. My musical example uses quarter-tone accidentals which come standard in the “Petrucci” music engraver’s font.

Four of the most popular EQ alternatives to the 12-EQ system have been 19-EQ, 31-EQ, 53-EQ, and 72-EQ. Some of the most useful and important scale degrees (from the just-intonation point of view) of each of these systems are given as examples in the tables which follow, as well as a notation of the whole scale:

31-EQ:

degree 30
=



=
11.61 Semitones
125/64

degree 29
=



=
11.23 Semitone


degree 28
=



=
10.84 Semitones
15/8

degree 27
=



=
10.45 Semitone


degree 26
=



=
10.06 Semitones
9/5 & 16/9

degree 25
=



=
9.68 Semitones
7/4

degree 24
=



=
9.29 Semitones
12/7

degree 23
=



=
8.90 Semitones
5/3

degree 22
=



=
8.52 Semitones
18/11

degree 21
=



=
8.13 Semitones
8/5

degree 20
=



=
7.74 Semitones
25/16

degree 19
=



=
7.35 Semitones
49/32

degree 18
=



=
6.97 Semitones
3/2

degree 17
=



=
6.58 Semitone


degree 16
=



=
6.19 Semitones
10/7

degree 15
=



=
5.81 Semitones
7/5

degree 14
=



=
5.42 Semitones
11/8

degree 13
=



=
5.03 Semitones
4/3

degree 12
=



=
4.65 Semitones
21/16

degree 11
=



=
4.26 Semitone


degree 10
=



=
3.87 Semitones
5/4

degree 9
=



=
3.48 Semitones
11/9

degree 8
=



=
3.10 Semitones
6/5

degree 7
=



=
2.71 Semitones
7/6

degree 6
=



=
2.32 Semitones
8/7

degree 5
=



=
1.94 Semitones
9/8 & 10/9

degree 4
=



=
1.55 Semitones
35/32

degree 3
=



=
1.16 Semitones
16/15

degree 2
=



=
0.77 Semitone
25/24

degree 1
=



=
0.39 Semitone


degree 0
=



=
0.00 Semitone
1/1

Purely by coincidence, this system produces pitch-classes which are virtually identical with "1/4-comma" mean-tone temperament
. Because some of its pitch-classes produce tones which are very close to some of the most consonant and most important ratios, it has been advocated by several composers, first in 1555 by Vincentino
, and more recently particularly in the Netherlands, notably by Huyghens and Fokker. Most of the degrees shown represent many of the ratios used by Partch.

53-EQ:

degree 50
=



=
11.32 Semitones
48/25

degree 48
=



=
10.87 Semitones
15/8

degree 46
=



=
10.42 Semitones
11/6

degree 45
=



=
10.19 Semitones
9/5

degree 43
=



=
9.74 Semitones
7/4

degree 40
=



=
9.06 Semitones
27/16

degree 39
=



=
8.83 Semitones
5/3

degree 37
=



=
8.38 Semitones
13/8

degree 36
=



=
8.15 Semitones
8/5

degree 34
=



=
7.70 Semitones
25/16

degree 31
=



=
7.02 Semitones
3/2

degree 28
=



=
6.34 Semitones
36/25

degree 26
=



=
5.89 Semitones
45/32

degree 25
=



=
5.66 Semitones
25/18

degree 24
=



=
5.43 Semitones
11/8

degree 22
=



=
4.98 Semitones
4/3

degree 21
=



=
4.75 Semitones
21/16

degree 19
=



=
4.30 Semitones
32/25

degree 17
=



=
3.85 Semitones
5/4

degree 15
=



=
3.40 Semitones
39/32

degree 14
=



=
3.17 Semitones
6/5

degree 12
=



=
2.72 Semitones
7/6

degree 9
=



=
2.04 Semitones
9/8

degree 6
=



=
1.36 Semitones
27/25

degree 5
=



=
1.13 Semitones
16/15

degree 3
=



=
0.68 Semitone
25/24

degree 2
=



=
0.45 Semitone
33/32

degree 0
=



=
0.00 Semitone
1/1

This system produces pitch-classes which lie very close to several of the most important consonant ratios. It was first "discovered" in ancient China around 200 BC by King Fang
, then advocated in the West by Mercator in the 1600s, and has had many proponents ever since. This scale was suggested to Schoenberg
, and although he declined to use it, it represents well several proportional intervals which are important in his theory.

72-EQ:

degree 69
=



=
11.50 Semitones
31/16

degree 65
=



=
10.83 Semitones
15/8

degree 62
=



=
10.33 Semitones
29/16

degree 58
=



=
9.67 Semitones
7/4

degree 54
=



=
9.00 Semitones
27/16

degree 50
=



=
8.33 Semitones
13/8

degree 46
=



=
7.67 Semitones
25/16

degree 42
=



=
7.00 Semitones
3/2

degree 38
=



=
6.33 Semitones
23/16

degree 33
=



=
5.50 Semitones
11/8

degree 30
=



=
5.00 Semitones
4/3

degree 28
=



=
4.67 Semitones
21/16

degree 23
=



=
3.83 Semitones
5/4

degree 21
=



=
3.50 Semitones
39/32

degree 20
=



=
3.33 Semitones
29/24

degree 18
=



=
3.00 Semitones
19/16

degree 16
=



=
2.67 Semitones
7/6

degree 15
=



=
2.50 Semitones
37/32

degree 12
=



=
2.00 Semitones
9/8

degree 9
=



=
1.50 Semitones
35/32

degree 8
=



=
1.33 Semitones
13/12

degree 6
=



=
1.00 Semitone
17/16

degree 4
=



=
0.67 Semitone
25/24

degree 3
=



=
0.50 Semitone
33/32

degree 0
=



=
0.00 Semitone
1/1

This system is one of the most popular of the EQ systems of more than 12 tones, along with 31-EQ.  It produces pitch-classes with very good representation of all of the most important consonant ratios.  The smallest "step" is the "twelfth-tone", and it also includes not only the 12 regular EQ degrees, but also "quarter-",  "third-", and "sixth-tones".  It was one of several EQ systems used by Julian Carillo (who also used 96-EQ)
 and Alois Haba, and more recently by Franz Richter Herf and Ezra Sims.
 The degrees shown above are important in Sims’s usage.

Equations Relating Ratios With Equal-Tempered Scales

For all of the following equations:

r = ratio of the two frequencies

d = 1) degree in the equal-tempered scale, starting from 0, or

     2) number of Semitones between the two equal-tempered notes

n = total number of degrees (i.e. equal-steps) in given equal-tempered scale

Equations:

d = log10(r) *

                                                                              (7)

r =  

                                                                                                 (8)

r = 10

                                                                                          (9)

 n = d *

                                                                                     (10)

Whenever equal-tempered pitch-classes are required in JustMusic notation, 

 or 2n/d (with n and d quantified) will be used as part of the "accidental" for each EQ note.

JUST-INTONATION PITCH RESOURCES

This proportion must be arithmetic, not geometric, the reason being that in the former there is less to perceive, as all differences are [referred to] the same [unit of measurement] throughout.  Therefore, in its attempt to perceive everything distinctly the sense [of hearing] will not be so strained.

Building A Scale

It follows from equation (3) that in order to indicate musical pitches which provide new material for a musical scale, at least one of the terms in the ratio must be an odd-integer greater than 1:





 EMBED Equation.2  
 f 

if
fo 

 fu




{3, 5, 7,…}                   (11)

In order to satisfy equation (4), one of the odd-integer terms may have to be multiplied by an integer power of 2, by applying equation (3); for example:



 

 

,
because



=


 * 


Measuring Ratios On A Length Of String

An early method of precisely determining musical ratios physically was by measuring them off on a length of string. A single-stringed instrument called the monochord was used for this purpose. Multiple bridges were placed according to exact measurements, and the part of the string between the nut and the bridge would produce a note of the proper ratio.

Ratios Notated As A Prime Series

This is the core of my JustMusic theory, anticipated marvelously by Schoenberg in a statement from 1911:

These [known] phenomena [i.e., harmonic usage based on the first 5 partials]...are a small part of an immense, incalculable whole, in which the number five is just as interesting as, but no more mysterious than, all other numbers, be they prime numbers, products, or powers.  And their secret is not kept from us through their magnitude; their secret, their mystery consists rather in that we do not know whether, why, and which phenomena are based upon them.  We make guesses, to be sure, but we do not know.

Because certain odd-numbers are not prime-numbers themselves, but are multiples of other smaller prime-numbers (for instance, 9 = 3 * 3 and 15 = 3 * 5), each of the terms in a ratio may be factored according to the Fundamental Theorem of Arithmetic into a series whose terms consist of the series of positive prime integers, each of which is considered as a base raised to zero or positive integer exponents; these are then multiplied together to arrive at the product which expresses the proportional number:




=


                                                        (12)

where

{a, b, c, ...}

=
{2, 3, 5, 7, 11,...} 

and

{u, v, w, x, y, z,...}



{0, 1, 2, 3, 4,...}

For example: 




=



=



=



Since




=


 * 

                                                             (13)

and




=


                                                                    (14)

the most elegant representation of a ratio is as a series of positive prime integer bases a, b, c,... raised to various integer exponents x, y, z,... (positive, negative, or 0) and multiplied together:




=


                                                             (15)

where

{a, b, c, ...}
=
{2, 3, 5, 7, 11, ...}

and

{x, y, z,...}



{...-1, 0, 1,...}

This was stated more succinctly by Douglas Keislar:

Any just interval is expressible as the product of powers of prime numbers:


2a * 3b * 5c * … Ln
where a thru n are integers,

and L, called the “limit” of the system, is the largest prime number in the series.

Primes with a positive exponent represent the numerator of the ratio.

Primes with a negative exponent represent the denominator of the ratio.

Primes with a zero exponent represent 

, the unity, and have no effect on the product of the series.

For example:





=



=



Since any integer x * 1 = x, and since any integer x0 = 1 and, from equation (3), 2x

 1, any expression equivalent to 1 may be omitted from the notation, and only prime integers > 2 and with a non-zero exponent need be used as bases:




=
aw * bx * cy * dz…                                                    (16)

where

{a, b, c, d,...}
=
{3, 5, 7, 11,...}

and

w, x, y, z,...
<>
0

Besides its elegance, another advantage of this notation is that it discloses important information about:

1 - the identity and relative importance of each prime-integer component in the chroma of the tone or tones

2 - the sonance (degree of relative consonance/dissonance) of the interval, and

3 - (on a larger scale), the degree of relative closeness/remoteness of relationship between chords and tonalities.

JustMusic is based on the set of prime integers {3, 5, 7, 11, 13, 17, 19} as bases of the ratio terms.  This arbitrary upper limit on the set of prime integer bases is referred to as the 19-Limit, after Partch's terminology. Whether referring to a tone, scale, composition, or entire musical system, the prime-limit is indicated by the highest prime base which has a non-zero exponent.

To simplify notation, the bases may be omitted, and the exponents alone presented as a series, in which case zero-exponents must be included as place-holders:

a b c d e f g                                                                                    (17)

where

{a,...g}  

  {...-1, 0, 1,...}

and

a = 3a, b = 5b, c = 7c, d = 11d, e = 13e, f = 17f, and g = 19g

For example:

2 -1 0 0 -1 0 0 

=
32 * 5-1 * 70 * 110 * 13-1 * 170 * 190

=
9  * 

  * 1  *  1   * 

  *  1   *  1

=




=


 [* 

]
=



Therefore,

2 -1 0 0 -1 0 0 
=



(This particular ratio falls within the 13-Limit.)

The representational procedure used by this notation is somewhat analogous to that used in our standard mathematical numbering system, which was introduced by Arab mathematicians c. 900 AD. Here, the least significant digit (the exponent of prime-base 3) is on the left.  By assuming the prime series of bases as a given, and notating only the exponents, the two important parameters of frequency relationship, namely sonance and tonal proximity, are obviously exposed by indicating the prime-bases involved and by the "weight" of each prime as revealed by the absolute value of its exponent.

This notational scheme also forms the basis for JustMusic mathematical operations, such as calculating intervals (see below).  I believe that sophisticated systemic mathematical procedures can be applied to the exponents in the prime series in ways similar to those applied by contemporary composers and theorists to the set of integers {0,...11} which represent pitch-classes of the 12-EQ system.

In addition, this notational scheme is exactly analogous to the JustMusic Planetary Graph, described in the next chapter.

Because I sometimes use primes up to 37 as alternates to some notes, I usually find it less cumbersome to  use the bases as well as the exponents in the notation, thus omitting primes which have a zero exponent (primes which are 

 1).  These series of bases-and-exponents, along with naturals, sharps, flats, and double- (occasionally triple- or quadruple-) -sharps and -flats, constitute the accidentals which are printed just before each note in the JustMusic notation.

The "C" which represents the ratio 

 is the only note in the system which never needs an accidental (although I normally use n0 for completeness). Also, the numerical part of the notes which use only prime-bases 2 and 3 can be omitted if desired, because the basic letter-name and sharp/flat parts of JustMusic notation is based on a 3-limit cycle, exactly as the notation evolved historically in music theory.

Graphing Sonance (Relative Consonance/Dissonance)
Consonance and dissonance are not essentially different but just sounds that are more "simple" or less so, according to the value of his [sic: their?] numerical measure.

What distinguishes dissonances from consonances is not a greater or lesser degree of beauty, but a greater or lesser degree of comprehensibility.

...the ear consciously or unconsciously classifies intervals according to their comparative consonance or comparative dissonance; this faculty in turn stems from the comparative smallness or comparative largeness of the numbers of the vibrational ratio; and the faculty of the ear to bring definitive judgment to comparative consonance decreases as the numbers of the vibrational ratio increase.

(For this section, see the accompanying graph in Figure 1)

In this graph, thick horizontal lines indicate the pitch of various ratios on a vertical logarithmic pitch scale - exactly as in the "piano roll" notation used in many computer-music sequencer programs, and similar to standard staff notation.

The prime-integer bases involved in each numerator are drawn over the pitch-line, and those involved in each denominator are drawn under the pitch-line.

The horizontal axis indicates the size of the prime integer involved. Where 2 primes are multiplied together to form one term of the ratio, the larger prime is stacked vertically the number of times of the smaller prime (example: 16/15).

Where the prime base is raised to an exponent larger than 1, this is indicated by vertical lines (example: 25/18).

Increasing length along either axis indicates increasing dissonance. In other words, the less graph-boxes a ratio includes, the more consonant it is; the more graph-boxes it includes, the more dissonant it is, whether because of a higher prime number, or because of small primes multiplied together to form larger numbers.

Calculating Intervals

[As was stated earlier, our perception of adding and subtracting pitches must be calculated with ratios as multiplication and division; therefore, I will use quotes around "+" and "-" when discussing the same.]

There are 2 methods for calculating rational intervals: multiplication of fractions, and matrix addition of exponents.

1)  multiplication of fractions

To find the sum of two intervals multiply the two ratios:



 * 



=



=



 (a "major third" and a "minor third" make a "perfect fifth", or abbreviated: maj 3rd "+" min 3rd = p 5th).

To find the interval between two tones invert the smaller or narrower ratio and multiply:

To find the interval between 3/2 and 5/4



 ( 



=


 * 


=



=



 (the difference between a "perfect fifth" and a "major third" is a "minor third", or abbreviated: p 5th "-" maj 3rd = min 3rd).

2)  matrix addition of exponents:

To add or subtract intervals, simply add or subtract by matrix addition the set of exponents for each tone or interval, using 0 where necessary as a placeholder:

51 (= 5/4)
“+”
315-1 (= 6/5)
=

[ 0
 1]


30 51

+
[ 1
-1]

      +
31 5-1

_______________

=    ________



[ 1
 0]


31 50
=
31
(= 3/2)

31 (= 3/2)
“-”
51 (= 5/4)
=

[ 1
 0]


31 50

-
[ 0
 1]

      -
30 51

_______________

=    ________



[ 1
-1]


31 5-1
=
(= 6/5)

And always remember that 2 negatives make a positive:

51 (= 5/4)
“-”
3-1 (= 4/3)
=

[ 0
 1]


30  51

-
[-1
 0]

      -
3-1 50

_______________

=    ________



[1
 1]


31  51
=
(= 15/8)

BUILDING THE MATRIX

MUSICAL PITCH HAS MULTIPLE DIMENSIONS

Composers seek a larger dimension in which to move freely the dimensions they already know.

Each prime number used in deriving a harmonic scale contributes a characteristic psychoacoustical meaning.

The essential dissonance of the existing system is retuned to serve, in a simpler tuning, as the essential consonance of the new system.  This retuning requires the a priori admission of a new prime number in the construction of the new system.  This is the crucial step in the development of a system.

As if the system had to be built up by thirds alone!  Why not by fifths, which indeed are more immediate than thirds?  Why built "up" in the first place?  Perhaps sounds, too, have three dimensions, perhaps even more!

Alain Danielou has a theory whose main points (in JustMusic terms) are:

1)  an interval has an affective quality which can be modeled as the sum/difference of the basic qualities of its constituent prime-base/exponent components.

2)  each prime has its own peculiar affective axis or dimension, and increasingly positive/negative exponents tend towards the polar opposites of a continuum of affective quality.

If it were possible to visualize 7 dimensions, then all the tones used in JustMusic, with a 19-limit, could be graphed on a 7-dimensional matrix, hence the name "matrix notation".  Of course, it is not possible to concretely draw any more than 3 dimensions, so the matrix graphs will be built up to that point.

The JustMusic PLANETARY GRAPH

Because of the 3-dimensional limit on building the matrix graph, I have devised another graph which shows where a collection of pitch-classes falls within the "octave" and also the prime factorization of each frequency- ratio. Pitches within the “octave" are graphed along the circumference of a circle, with planetary orbits graphed as ever-larger concentric circles representing each successive prime-base, revolving around the center-point which represents the prime-base "1". A pitch is drawn as a line radiating outward from the center, its location determined by its Semitone value; the standard 12-EQ pitches are drawn lightly as a reference. Along the darker pitch-class lines will be found little boxes, either above or below each prime orbit, representing positive or negative exponents, respectively. The absolute value of the exponent is represented as the corresponding number of boxes.

These planetary graphs will be used to supplement the matrix graphs, and these two types of graphs form the core of the JustMusic  Software graphical interface.

THE HISTORICAL ASPECT

...man's use of musical materials...has progressed from the unison in the direction of the great infinitude of dissonance.

It is my belief, following Partch, that musicians have adopted the use of each successive higher prime gradually throughout musical history.  Below, I will show how standard letter-name notation with sharps and flats arose within a 3-Limit (or Pythagorean
) tuning system.  

The historical outline is presented with an admitted bias toward Western theory; however, I do believe that my ideas can be applied with great success to the musical systems of other cultures. This could correct the mistake that has occurred of forcing non-Western music into the mold of our familiar system simply because it was the best way that could be found to represent these unfamiliar musics to Western readers. In fact, I do explore the ancient Greek and Indian scale systems for just this reason, since they have little bearing on modern European music-theory.

The music notation system I have developed is adapted from that used by Ben Johnston
.  In JustMusic notation, ratios falling within the 3-Limit can be represented by unadorned letters and note-heads, or if necessary, by letters and note-heads with the standard accidentals only: double-sharp, sharp, natural, flat, and double-flat.  As each following prime number is introduced, it must be indicated along with its exponent, as an accidental.  (Simply for the sake of completeness, I generally indicate prime-base "3" also.)

THE ORIGIN POINT: PRIME BASE 1

The matrix graphs which I will proceed to create here are Cartesian graphs.  Each of the first 3 prime-integers which have musical significance (3, 5, 7) are represented by a plane in a different dimension.  All three axes begin at the center with a value of 0, and values for exponents increase along these axes, negatively in one direction and positively in the other.  The origin for all ratios is the unity, where all exponents = 0. This system is of a type which Partch calls "Monophonic"

In my JustMusic system, this origin represents my "middle-C" reference tone: n0= 1/1 = C 256 Hz.  Historically, the n0 was originally "A".

One to one is the relationship of identity;
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 two to one, of recurrence or repetition.

Therefore, "3" must be introduced in order to form new pitch-classes.

THE 1st DIMENSION: PRIME BASE 3

The fundamental harmonic relationships

 [Please note that in the following discussion of 3-Limit ratios, the staff-notation and the letter-names will equate the origin-note 1/1 (= 30) with the first alphabetical letter-name "A", in order to show the historical evolution of traditional notation within the 3-limit. All the numerical relationships - ratios as well as Semitones - remain the same as in the standard JustMusic system based on C-256 Hz, regardless of which letter-name is used as a reference.]

Starting with the first prime base in the series which is not equivalent to unity, namely 3, we can build a scale of musical materials by using exponents which increase and decrease from 0, and by applying equation(3) to satisfy equation(4), as follows:

30 = 1 = 1/1

31 = 3 = 3/1,



 * 

 = 



thus 31 

 3/2

.
.

.

3-1 = 1/3,



 * 

 = 



thus 3-1 

 4/3

.

.

.

On a graph, the x-axis will represent the integer exponents of prime base 3, and letter-names and Semitone values are supplied along with the ratios:
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0.00



E
7.02

-1
0
1


3x


and in music notation, this represents the following pitch-classes and their "octave" equivalents:

The tonal relationships of 30 : 3-1 and  30 : 31  will be recognized by musicians as the important ones of "subdominant" and "dominant" respectively.

Three to one (or three to two) contributes polarity: a sense of gravity, of right-side-up and upside-down.

This idea of polarity was first expressed by Rameau as the "triple proportion" 1 : 3 : 9 
 , and also figured in Schoenberg's theory as "opposing forces".

These three tones also formed the basis of the oldest recorded ancient Greek scale system:

(
3-1
nete

lowest / furthest string

FIXED

(

paranete
next-lowest / next-furthest
moveable

(

paramese
next-to-middle


moveable

(
n0
mese

middle



FIXED

(

lichanos
fore-finger


moveable

(

parhypate
next-highest / next-nearest
moveable

· 
31
hypate

highest / nearest

FIXED




Nete
4.98



Mese
0.00



Hypate
7.02

-1
0
1


3x




















3-1
30
31

Aristoxenus’s “Fixed Notes”
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The Pentatonic Scale

The matrix-building process can be continued, as follows:

32 = 9 = 9/1,



 * 

 = 



thus 32 

 9/8

.
.

.

3-2 = 1/9,



 * 

 = 



thus 3-2 

 16/9

.

.

.
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These pitch-classes, rearranged as a scale within 1 "octave" and starting on “G", are represented in standard music notation as:

The most elementary form of blues scale, these very pitch-classes also form the simplest theoretical basis behind rock lead guitar technique.

These five ratios describe the pentatonic scale as recorded by Ling Lun (China, c. 2800 BC).  This scale has been the basis of much of the world's music, right down to the present day - including a great deal of folk music, rock music, and that of many non-European cultures.

A Pentatonic Scale of Boethius.
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The Earliest Greek Scale Systems.

According to Nicomachus
 , the ancient Greek music-theory tradition held that there was originally a 7-tone (“heptatonic”) scale built of two conjoined tetrachords, each exhibiting identical intervallic structure. Using ratios given by Philolaus, and a 7-string instrument of the lyre type, this scale can be found easily by “tuning by concords” thus:
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This scale can be graphed onto the matrix as follows:
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Pythagoras and Philolaus: The 3-Limit Diatonic “Natural Minor” Scale

Nicomachus then describes how Pythagoras transformed this scale into one which gives us “a more complex object for study”
, by moving the top tetrachord up a “tone” and inserting a new note between it and mese. This is a nice theoretical abstraction which explains how the new 8-tone (octochord) scale compares to the old, but most likely it was found simply by again “tuning by concords” thus:
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This agrees with all of the ancient accounts of the diatonic genus: 


ParHypate

Trite

Diezeugmenon


Lichanos

ParaNete

Diezeugmenon

Mese

Nete

Diezeugmenon

Hypate

ParaMese





F
7.92



C
2.94



G
9.96



D
4.98



A
0.00



E
7.02



B
2.04

-4
-3
-2
-1
0
1
2





3x



3-2
3-2
35
3-2
3-2
3-2
35

-(32)
-(32)
-(3-5)
-(32)
-(32)
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If the pitch-classes are given letter-names and rearranged to fit within the “octave” A to A, it forms what became the standard Pythagorean diatonic "natural minor" scale
:

32
3-5
32
32
3-5
32
32

This is the collection of pitch-classes which became the basis of music theory in ancient Greece, and it was transmitted from the Greek literature to medieval Europe by Boethius around 500. His theory became the standard in Europe for about 1000 years.

Most of the standard terminology of harmony derives from this scale: each pitch-class was assigned an integer degree-number starting from 1, and intervals were calculated simply by counting degree-integers inclusively  (note that this meaning of "degree" is slightly different, and less precise, than that previously defined in the EQ equations: in this scale "degree" does not imply equal steps):

if 
d = degree in scale, 

b = bottom note of interval, and 

t = top note of interval,

for interval i,

i = (dt + 1) - db                                                                             (17)

For example: in this "A natural minor" scale, to calculate the interval from 

D (= 4) to  F (= 6),

D : F  =  (F + 1) - D

=  (6 + 1) - 4  =  3,  

thus  D : F  is called a "third".

(in JustMusic:
F 3-4  -  D 3-1

=
3-3
=


)

Of course, the numbering of the degree-integers is relative, and "1" will always represent the note which is the "tonic" of the "key" or scale.  Since "8" represents the "octave", "1" represents the "tonic", and 8 - 1 = 7, if the top note is higher than the "tonic", the top note is dt + 7:

G : B  =  ((B + 7) + 1) - G

=  ((2 + 7) + 1) - 7  =  3,  

thus  G : B  is also a "third".

(in JustMusic:
B 32  -  G 3-2

=
34
=


)

Most musicians are so familiar with this procedure that they can compute intervals in this fashion very quickly  in their heads, or already have them memorized.

The fact that two intervals with the same name are actually defined by two different ratios quickly points out an inadequacy of this system of representation: as already pointed out, a degree may be either a “half-step” (“semitone”) or “whole step” (“tone”). An attempt was made to rectify this by qualifying the intervals as "perfect" or "imperfect", with the latter further subdivided into "major" and "minor", and any raised perfect or major interval called "augmented", and any lowered perfect or minor interval called "diminished".

The next diagram shows all the intervals which can be found between degrees in the Pythagorean "natural minor" scale (3-4…2) notated above, and the following one gives their names and their sizes in Semitones; with the Semitone sizes of the same intervals in the 12-EQ system given for comparison:

With a maximum deviation for these intervals of only 0.12 Semitone from their equivalents in the 12-EQ scale, it would be very easy to think of these sizes in terms of 12 equal Semitones: this was a major factor in the acceptance of the 12-EQ system.

The between-degree intervals, or sizes of the "steps", in the 3-4…2 scale are of two sizes (see above): the "major" and "minor second".  Because the "major second" is roughly twice the Semitone size of the "minor", these intervals are also called respectively "tone" and "semitone", or "whole-step" and "half-step".  Again, the "octave" was conceptually divided into 12 "semitones".

INTERVAL
RATIO
SEMITONES
12-EQ

SEMITONES
EXAMPLES,

RECKONED UPWARD

major seventh
35
11.10
11.00
F:E, C:B

minor seventh
3-2
9.96
10.00
G:F, D:C, A:G, E:D B:A

major sixth
33
9.06
9.00
F:D, C:A, G:E, D:B

minor sixth
3-4
7.92
8.00
A:F, E:C, B:G

perfect fifth
31
7.02
7.00
F:C, C:G, G:D, A:E, E:B

diminished fifth
3-6
5.88
6.00
B:F

augmented fourth
36
6.12
6.00
F:B

perfect fourth
3-1
4.98
5.00
C:F, G:C, D:G, A:D, E:A, B:E

major third
34
4.08
4.00
F:A, C:E, G:B

minor third
3-3
2.94
3.00
D:F, A:C, E:G, B:D

major second
32
2.04
2.00
F:G, C:D, G:A, D:E, A:B

minor second
3-5
0.90
1.00
E:F, B:C

In medieval European theory, the 3-4…2 collection of pitch-classes could have a "tonic" or key-note on any of the ratios, with the others in the collection taking their respective places on the various degrees.  This was the system of "modes", and the different arrangements of "step" sizes and the resultant different qualities of intervals is what gave each mode its own peculiar flavor.

It is important to remember that at this point, while ratios of the 5-limit were gradually introduced in practice, the 3-limit tuning was always assumed in theory - with the single exception of Marchetto da Padova's bold and influential "1/5-tone" concept of 1317-18
 - because 

…the theorists were slow to define this fundamental change with meaningful calculations.

Aristoxenus’s “Greater and Lesser Perfect Systems”

By combining the pitch-classes of these two ancient Greek diatonic scales, we arrive at (as was mentioned in the Introduction) a scale system which requires two alternate pitches for the note "B": what we would call B-natural and B-flat. Aristoxenus added another tetrachord at each end, and this formed his “Greater and Lesser Perfect Systems”.


Nete

Hyperbolaion



Nete

Synemmenon


MESE
Nete

Diezeugmenon
ParaMese


Proslambanomenos


Hypate

Meson


Hypate

Hypaton



4.98
0.00
7.02
2.04

-1
0
1
2


3x





















3-2
3-2
35
3-2
3-2
35

Two different-sized “semitones”

The Diatonic form of this Greek system persisted into medieval Europe, and was transformed into the hexachord system of Guido d’Arezzo. This also marks the first use of the familiar A…G, A letter-name system which we still use today. Here is the collection of pitch-classes which was used for hundreds of years as the complete "gamut" of notes in the musica recta system:
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This scale involves two different sizes of "semitone", the smaller of which is the same as that described above:

Diatonic (or lesser) "semitone"
=  3-5
=   

  =  0.90 Semitone

Chromatic (or greater) "semitone"
=  37
=  

  =  1.14 Semitone 

The Diatonic "semitone" lies between mi and fa in any hexachord, while the Chromatic occurred normally in the gamut only between bb and b
.With the increasing use of "accidentals", the latter could now be found between other chromatically-separated pairs of notes.

“Accidentals”

From the 10th to the 13th century thirds and sixths - now considered consonant - were treated as dissonances simply because, according to then-current tuning methods, they were dissonances.  In Pythagorean tuning, only the bare fifth and octave could provide a tolerable point of repose.

In the years before 1000, the only intervals  which could be produced that were considered consonant were the "perfect 5th" (31) and the "perfect 4th" (3-1).  However, the basic major scale above includes two complementary intervals which were considered particularly dissonant and were to be avoided at all costs - in the 12-EQ scale they are both equivalent, and familiar as the "tritone":

"augmented 4th" or "tritone"
= 3 "tones" 

=  (9/8) * (9/8) * (9/8)

=  (9/8)3


 (32)3 

=  36 

"diminished 5th"
=  "perfect 5th minus semitone" 

=  31 "-" 37 

=  3-6
Of course, as far as we can tell, before this time the intervals were only considered melodically, that is, successively.

The technique of modulation into other "keys" (which is the modern analogy of the medieval procedure) requires new notes to be introduced in order to maintain the same pattern of "whole-" and "half-steps" at another pitch level.  Even in the medieval system, in the modes which contained the "tritone" and "diminished 5th", the "B" would be lowered or the "F" raised to make the "perfect 5th"

An interval may be made perfect only by the addition of a greater semitone [37], thus the imperfect fifth is perfected by either a sharp on the top note or a flat on the lower.  This alteration is the chief requirement and purpose of musica ficta.

With the addition of one more pitch-class, we obtain a simple scale which is basically diatonic, but with two chromatic pitches that can be used for mutation or transposition into musica ficta hexachords:
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We can also observe that the evolution of later harmonic and tonal practice followed roughly the same stages as that of melodic practice
. As was stated in the Preface, "flats" were introduced first for various notes, then as these "accidentals" became used to raise or lower the pitch, "sharps" also began to be utilized, first appearing in a "key signature" around 1600. With a scale containing either one "sharp" or one "flat", the "accidentals" of "F-sharp" and "B-flat" enabled modulation into the "keys" of the "dominant" (31) and "subdominant" (3-1) respectively.

Thrasyllus’s Diatonic/Chromatic System

The addition of one higher exponent gives the combined diatonic and chromatic system described by Thrasyllus.
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The Cycles of 4ths and 5ths

With the development of parallel organum at the "4th" or "5th" beginning around 800, the two dissonant intervals of the “augmented 4th” and “diminished 5th” were sounded simultaneously and became particularly offensive to contemporary ears (especially in Pythagorean tuning!).  The "tritone" was even called the diabolus in musica (devil in music).  Again, the dissonant interval had to be adjusted chromatically to be made consonant, but now, because the changed notes forming new "tritones" in more alien transpositions or mutations were now sounded simultaneously and much more frequently, further adjustments were necessary on other pitches:

Odo (10th century) also referred to the `vice' of additional semitones outside the `prefixed rule'...and cited chants in which bb, eb, c# and f# are required.
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As we will see, this process, once started, continued until it came “full circle”, resulting in what is actually called to this day the “Circle of 5ths”.

The Pythagorean Comma

Again, the increase of exponents on either end of the graph was continued further, with new pitches added - and assumed to be new powers of 3 - until the thirteenth ratio in the series was reached:
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The notation immediately reveals something unexpected: Ab is lower in pitch than G#.  Here we have derived two notes which are only 0.24 Semitone apart.  This difference in frequency was considered by most ancient theorists to be small enough that it could be regarded as negligible.  Thus, they considered the twelve tones without this "replication" to be a complete cycle and scale.  This also seemed to confirm the 12-step division of the "octave" into "semitones" as described by Aristoxenus, leading medieval theorists such as Vincenzo Galilei to believe that the ancient Greeks had used similar resources, and thus eventually bringing a seeming historical justification to 12-EQ.

This small discrepancy or "error" (as it is often called), along with several others, is termed an anomaly by Scott Wilkinson
. This particular anomaly was first observed as early as 300 BC
 (with the correct ratio, but with no name given), and is called the Pythagorean Comma:

Pythagorean Comma  =  312 =  

  =  0.24 Semitone
               (18)

This is also the difference in size between the two 3-Limit "semitones" described above:  37 - 3-5 = 312
These anomalies point out the fact that in just intonation - that is, a tuning system based on proportional measurement - a cycle of a particular ratio, excepting only 2/1, will never return exactly to one of the octaves above or below the origin:

where a is a prime integer > 2

ax = 2y

if and only if     x and y = 0                                 (19)

It is for this reason that it has been pointed out several times before that the so-called "Circle-of-5ths" is more aptly categorized as a "Spiral-of-5ths".

This is the origin of the 12-tone scale, which became the basis for the geometric "octave"-divisions of Aristoxenus, of music theory in India and the Arab world, and has lasted in European music to become the prototype of the 12-EQ scale in general use today.

Prosdocimus

Extended a bit further:
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This 17-tone scale or cycle gives the two "enharmonic equivalents" for each "black key" (on the piano) in the 12-EQ scale, each pair of notes in the 3-Limit just tuning being a Pythagorean Comma apart:

 Gb --- F#      Db --- C#      Ab --- G#      Eb --- D#      Bb --- A# .

This system was constructed in 1413 by Prosdocimus, in opposition to Marchetto's "1/5-tone" theory:

[Prosdocimus] adhered to the ratios of Pythagorean [3-Limit] intonation and applied them to two chromatic monochords: in one the minor semitone preceded the major, in the second the opposite.  Then he merged the two to provide both a flat and sharp between each note of the regular monochord.

In other words:

1.
A
Bb

B
C
Db

D
Eb

E
F
Gb

G
Ab

(A)

2.
A

A#
B
C

C#
D

D#
E
F

F#
G

G#
(A)

Merging the two produces the scale notated above.  

The types of pitch-relationship embodied in this scale can be viewed as the prototypes of those involved in both the just-intonation scale derived shortly afterward in theory (and which was already being used in practice) from 5-Limit resources, and also that 5-Limit scale's representation in various multiple-division Meantone Temperaments

[Prosdocimus] understood the principle of interpolation [of other pitches between the larger "steps" in the scale]; he did not see its implications for a totally new system of essential sonorities. He was also unaware that his calculations predicted the ultimate scope of the new [5-Limit] system.

Although Prosdocimus's system was a 17-tone division of the "octave", its pitch-classes represented the members of 12 different sets onto whose initial pitch-classes Guido's system of hexachords could be transposed, analogous to our modern concept of 12 "keys".  This was yet another impetus for eventually settling on a 12-"step" scale.

Hypothetical 3-limit complete Greek system

I believe that ancient Greeks may have carried the cycle of 3x far enough so that they were able to find tones which provided the enharmonic genus.

The Ancient Indian Cycle

According to Donald Lentz
, the ancient Indian scale was tuned by means of 11 “perfect 4ths” and 11 “perfect 5ths” from a central reference tone, creating the system of 22 srutis. Similar to Prosdocimus’s scale, but carried even further, this system provided enough implied 5-Limit ratios to give a set of 12 diatonic 7-tone scales, each on a different “tonic”, very closely approximating the 5-Limit just-intonation system which became the theoretical basis of European music centuries later. This system will be depicted in a matrix graph in the next chapter. Here is a graph of the 3-limit cycle:

The “complete” 3-Limit system

Of course, cycles such as this can be carried on infinitely, but instrument construction as well as notational problems demand that a limit be set somewhere. 

I present here this "complete" 3-Limit system, with its pitch-classes arranged on a 2-dimensional matrix graph, but without explanation.  The reason for this arrangement will become clear in the next section on the 5-Limit.
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In the following diagrams, I show both on a graph and in music notation the Pythagorean "Cycle of Fifths" which includes all 35 of the notes available with standard notes and the full complement of single and double accidentals, first in the form of a cycle, then as an ascending scale in one "octave", with the JustMusic standard n0= "C".

The former diagram shows how the 53-EQ scale closely approximates the 3-limit system, and the latter clearly shows the notes which are confounded as equivalents in the 12-EQ system.

THE 2ND DIMENSION: PRIME-BASE 5

A completely new sound

From the latter comparison [5:4] arises the consonance of the ditone…

Five, in combination with the other prime relationships [of 1, 2, and 3] contributes major-minor coloration.

By applying this same scale-building process to the vertical dimension (or y-axis) and the prime base 5, we obtain further new tones.

The obvious starting point in this dimension is prime-base 5 with the positive exponent 1:



51
=
5;


 * 


=



thus
30 * 51



5/4

This pitch-class (51) has a frequency 5/4 (= 1.25) times that of the JustMusic reference or unity tone C n0, giving 51 an interval size of 3.86 Semitones. If this is compared with the Semitone values of the tones we have already derived above by means of the cycle of 3x, we find two 3-Limit tones which come rather close in pitch to 51 (= 5/4): 
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Fb 3-8
=
3.84 Semitones
(0.02 Semitone below 51)

E 34
=
4.08 Semitones
(0.22 Semitone above 51)

Since 34 - 3-8 = 312, these tones are separated by the interval of a Pythagorean Comma.

Two different “whole tones”: the Syntonic Comma

The intervals between these two pitch-classes and 51 are two more anomalies: the Schisma, and the Syntonic Comma (also called "Comma of Didymus", or just simply "Comma"):

Schisma
=
38 51
=




=
0.02 Semitone
  (20)

Syntonic Comma  =
34 5-1
=




=
0.22 Semitone
  (21)

Whereas new note names and, eventually, accidentals sufficed to indicate new exponents of the single prime-base 3, with the addition of a new prime-base, it now becomes necessary to incorporate the prime-bases and exponents used to relate a pitch-class to C-1 into the accidentals used in the JustMusic notation. It is easy to see that the prime-bases higher than 3 and the exponents used in the JustMusic notation indicate the adjustment in pitch of a 5-or-higher-limit tone from that of its 3-Limit namesake.

In my opinion, the Schisma is near the boundary of the smallest perceivable difference in pitch, and I believe that because of this perceptual limitation in human hearing, it is unnecessary to discriminate pitch differences smaller than 0.01 Semitone.

It would have been logical to assign a letter-name of "Fb" to 51 (= 5/4) since it is so close in pitch to Fb 3-8, but because the "diminished 4th" interval C n0 : Fb 3-8 was considered very dissonant - although in reality it can barely be perceived to be different from 51 - musical usage of 51 dictated that it be called "E":

…it is observed that major and minor thirds, since they approach 5/4 [= 51] and 6/5 [= 315-1], are sometimes considered consonances, and are in performance altered to mathematically perfect consonances.
 

Indeed, calling this new pitch-class Fb would have alleviated much of the confusion and error which began to creep into harmonic theory after 1500. The matrix graph illustrated at the end of the chapter on prime-base 3 arranges the series of 3-Limit pitch-classes in a way which strongly implies the harmonic relationships which are available in a matrix of pitch-classes with ratios involving factors of 3 and 5; this 3 x 5 matrix will now be built, again showing the historical evolution of various 5-Limit systems as well as the gradual shift in origin point from "A" to "C".

Ratios including 5 as a prime-base were first theorized in ancient Greece
, apparently as a correction based on contemporary practice
; as far as we know, they only considered intervals melodically.  With the rise of polyphony, the use of ratios involving prime-base 5 gradually became widespread in European musical practice from about 1000 to 1500.

Ratios involving 5 came into use in medieval Europe as consonant retunings of the 3-Limit "3rds" and "6ths" given above.  Here is a comparison:
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Ratio
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"Major 3rd"
34
81/64
4.08
51
5/4
3.86

"Minor 3rd"
3-3
32/27
2.94
315-1
6/5
3.16

"Major 6th"
33
27/16
9.06
3-151
5/3
8.84

"Minor 6th"
3-4
128/81
7.92
5-1
8/5
8.14

In the traditional 3-Limit "gamut" given by Boethius, these intervals could be found between the following pairs of pitch-classes (reckoning upward):

"Major 3rd"
Bb : D
F : A
C : E
G : B


"Minor 3rd"
G : Bb
D : F
A : C
E : G
B : D

"Major 6th"
Bb : G
F : D
C : A
G : E
D : B

"Minor 6th"
D : Bb
A : F
E : C
B : G


The Ancient Indian musical system

Here is the matrix graph promised in the last chapter, which diagrams the Ancient Indian system of 22 srutis per “octave”.

22-sruti Indian Scale

© 1996 by Joseph L. Monzo
[adapted from Lentz]
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· arranges the 3-10…11 22-sruti scale according to its 5-Limit implications, by disregarding the schisma difference

(3-11…-4 are 0.02 Semitone lower, and 35…12 are 0.02 Semitone higher, than the values given in the graph).

· the cycle of 3x is indicated, along with the implied 5-Limit ratios and JustMusic pitches

· the 8-tone basic scale system (the combined sadja-grama and madhyama-grama scales) can be shifted (transposed) anywhere along the entire system, giving 10 different transpositions of the basic system

· 3-11 and 312 are irregular additions at either end of the cycle - these 2 tones enable transposition into 12 keys

Archytas, Eratoshenes, and Didymus

These three theorists all used ratios of 5, as well as of higher prime-bases, in their calculations of the moveable notes in the different tetrachord genera.

Archytas is the first recorded theorist to specify ratios of 5 and 7 in his scale constructions. Because his trite and parhypate used the same 7-Limit ratios in all three genera, his system will be diagrammed in the next chapter. However, it should be noted that he replaced the Pythagorean “ditone” (= 81/64 ( 34) in the enharmonic genus with the much more consonant 5-Limit “major third” (= 5/4 ( 51).

Eratosthenes kept the standard Pythagorean Diatonic genus, but replaced the Pythagorean “trihemitone” (= 32/27 ( 3-3) in the Chromatic genus with the much more consonant 5-Limit “minor third” (= 6/5 ( 3-151). He also used ratios of 19 for the trite and parhypate in his Chromatic, but these are only 0.01 Semitone lower than the corresponding 3-Limit pitches. Also, he used ratios of 13 in his Enharmonic - these will all be shown complete in the relevant later chapters.

(implied 3-limit ratios substituted for those of 19):

Didymus used the 5-Limit “minor tone” (= 10/9 ( 3-251) and “greater semitone” (= 16/15 ( 3-15-1) in his Diatonic, the 5-Limit “minor third” (= 6/5 ( 3-151) and “lesser semitone” (= 25/24 ( 3-152) in his Chromatic, and the 5-Limit “major third” (= 5/4 ( 51) for the characteristic large interval in his Enharmonic. He also used ratios of 31 in his Enharmonic, which will again be diagrammed later in this book, but his Diatonic and Chromatic were completely 5-Limit, and can be graphed thus:

Didymus’s 5-Limit Diatonic and Chromatic

Perfect Immutable System

[50 - 1 BC Alexandria or 54 - 68 AD Rome]
( 1996 by Joseph L. Monzo
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Ptolemy

Ptolemy used the same ratios in his Syntonic Diatonic as Didymus, but in a different order.  This scale is what later became the standard 5-limit “major” scale, and has continued to exert a powerful influence on European music ever since.

As a further exploration of the hypothetical complete Greek system which I found may be obtained by 3-limit ratios, here are the 5-limit implications of that system:

A hypothetical 5-Limit Greek System

( 1996 by Joseph L. Monzo
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Boethius’s Greek-letter notation

The Greek-letter notation diagrammed in Book 4 of Boethius’s De Musica unequivocally proves that a 5-Limit system was in use in musical practice during the early Christian Era in the Roman Empire.
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The complete gamut of 19 distinct diatonic pitch-classes
according to my 5-Limit interpretation of Boethius’s Greek notation:

(49 distinct symbols, only 7 pairs of which recognize octave-equivalence)

 (0.00)
(n0)
(A)





11.08
3-35-1
Ab





10.86
3-7
Ab





10.18
325-1
G





9.96
3-2
G





9.06
33
F#





9.04
3-55-1
Gb





8.14
5-1
F





7.92
3-4
F





7.02
31
E





6.10
3-25-1
Eb





5.88
3-6
Eb





4.98
3-1
D





4.06
3-45-1
Db





3.84
3-8
Db





3.16
315-1
C





2.94
3-3
C





2.04
32
B





2.02
3-65-1
Cb





1.12
3-15-1
Bb





0.90
3-5
Bb





0.00
n0
A





The Greek notation points out these important facts:

· tones a Syntonic Comma (0.22 Semitone) apart have different symbols, thus were recognized as having audibly different pitches

· tones a Schisma (0.02 Semitone) apart have the same symbols, and thus were recognized as having virtually the same pitch.

Thus, although Boethius explained the mathematical string-divisions which produce these pitches within a 3-Limit system, an analysis of his presentation of the Greek letter-notation indicates that in actual practice, musicians were using a complete and self-contained 5-Limit system. The question that remains is: was this 5-Limit system already in use when the Greeks invented the notation, or was this a Roman development.

The Musica Enchiriadis

I have done a careful analysis of the beginning of the Musica Enchiriadis, and have found that it corroborates Boethius’s notation in giving proof that a 5-Limit system was in use in actual musical practice during the early Middle Ages. I believe the book was written much earlier than the dates accepted by most scholars, probably deriving from Franco-Roman oral tradition circa 700 AD.

Chapter 2 says that the interval boundary encompassing the entire gamut of 18 [= 4 * 4 + 2] notes is the most extreme consonance of the “15th” [= “double octave” = 4:1 ratio]. The question of how to fit 18 presumably diatonic notes into an interval which by its name indicates that it normally includes only 15 is one which apparently has not been pondered by any of this book’s recent translators or researchers. It was blithely skipped over in the only currently available English translation.
 

The only way the whole scale presented here can preserve intervallic structure throughout all 4 tetrachords and still fit within a “15th”, is by arranging the mode-final tetrachords in conjunction, as derived from a description by Nicomachus
, then adding the final two tones above by disjunction, as follows:

            T           S           T                       T               S          T                            T          S       T                            T           S            T                 (T?)       (T?)

   archos deuteros tritos tetrardus   archos deuteros tritos tetrardus    archos deuteros tritos tetrardus    archos deuteros tritos tetrardus      archos deuteros

                     graves                                          finales                                       superiores                                      excellentes                              ultima 



    A   B    C         D       E    F        G       a    bb       c       d   eb     f          g    a(
    n0   32    315-1     3-1      31   5-1       3-2      n0    3-15-1     3-3    3-1   3-25-1  3-4      3-2    n0

If, as I believe, the Enchiriadis treatises are the oldest Frankish books on music theory, then all those which came later represented the Diatonic gamut in Boethius’s Pythagorean form. 3-Limit tuning was thus assumed throughout the following Ars Antiqua and Ars Nova periods, and was unrivaled in theory until the 1300s.

Marchetto da Padova

My analysis of Marchetto’s “5th-tones” will be presented later, under prime-base 19; however, it appears to me that he was the first medieval European theorist to recognize the syntonic comma.

Ramos

Ramos was the first theorist after the advent of harmonic music to explicitly stipulate ratios involving 5 as a factor, in 1482.  After about 100 years of debate over the inclusion of prime-base 5 in musical systems, interval ratios involving 5 finally gained acceptance in theoretical treatises, as consonant retunings of the dissonant Pythagorean (i.e. 3-Limit) "3rds" and "6ths", within the framework of the diatonic hexachords of the musica recta system and the 7-tone "major" scale
.

Going back once again to the period when n0 = A, the "gamut" developed by Ramos on the monochord is as follows:
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D 3-1     4.98



A n0     0.00



E 31     7.02



B 32     2.04


-1



Bb 3-15-1  1.12



F 5-1    8.14



C 315-1  3.16



G 325-1 10.18



-1
0
1
2




3x



Since these four new 5-limit ratios (given in the matrix above) are only 0.22 Semitone "sharper" (higher) than their 3-Limit namesakes, they bear functional relationships to the remaining four 3-limit ratios which are similar to the relationships of the dissonant Bb 3-5, F 3-4, C 3-3 and G 3-2 ratios they replace, even though their actual frequencies are different: 








3x





-5
-4
-3
-2
-1
0
1
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Bb 3-5     7.92



F 3-4     7.92



C 3-3    2.94



G 3-2    9.96



D 3-1     4.98



A n0     0.00



E 31     7.02



B 32     2.04


-1







Bb 3-15-1  1.12



F 5-1    8.14



C 315-1  3.16



G 325-1 10.18

This shift of pitch-classes created a system with the following consonant intervals:

"Major 3rd"
Bb 3-15-1 : D 3-1
F 5-1: A n0
C 315-1 : E 31
G 325-1: B 32

"Minor 3rd"
D 3-1 : F 5-1
A n0 : C 315-1
E 31 : G 325-1

"Major 6th"
F 5-1 : D 3-1
C 315-1 : A n0
G 325-1 : E 31

"Minor 6th"
D 3-1 : Bb 3-15-1
A n0 : F 5-1
E 31: C 315-1
B 32 : G 325-1

Ramos later extended this system to include the 4 chromatic pitches 
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D 3-1     4.98



A n0     0.00



E 31     7.02



B 32     2.04



F# 33    9.06



C# 34    4.08
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Ab 3-35-1 11.08



Eb 3-25-1 6.10



Bb 3-15-1  1.12



F 5-1    8.14



C 315-1  3.16



G 325-1 10.18
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Fogliano

Fogliano in 1529 was apparently the first theorist to realize that in the 5-Limit, mutation into a new hexachord not only introduced a new pitch-class, but also changed the frequency of one of the pitch-classes in the original hexachord. Using Ramos's ratios for the "natural" hexachord gives:

Mutating to the "soft" hexachord beginning on "F" would produce the following:

Observe not only that Bb 3-15-1 appears in the "soft" hexachord in place of the E 31 in the "natural", but also that G325-1 has been replaced by G3-2.
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G 3-2    9.96



D 3-1     4.98



A n0     0.00
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Zarlino

Zarlino's 9-tone system of 1558 adds D 335-1 to Ramos’s system rather than Fogliano’s G 32. He arrived at his monochord ratios by reference to Ptolemy’s Syntonic Diatonic genus of the ancient Greek tetrachordal system: D 3 -1 appears only in his synemmenon (conjoined) tetrachord, in order to have its intervals exactly the same as the four tetrachords in the Greater Perfect System, two of which use D 335 -1.
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A n0     0.00



E 31     7.02
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C 315-1  3.16



G 325-1 10.18
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Descartes

In 1618, Descartes provided a "gamut" of 10 pitch-classes, which gave the notes necessary for all three standard hexachords in the 5-Limit musica recta system, using Ramos's ratios for the "natural" hexachord.

The "hard" hexachord, beginning on the "G" of the "natural" hexachord, would produce:

Descartes's system is arranged as a matrix graph as follows:             
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D 3-1     4.98



A n0     0.00
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Observe here that the frequency of D has been changed from 3-1 to 335-1. Thus, Descartes’s system utilizes the new pitches introduced by both Fogliano and Zarlino.

This use of two different frequencies with the same letter-name takes account of the difference of a Syntonic Comma.  However, the failure of standard notation to indicate this Comma difference led to much error, and I believe that it was a major contributing factor in the desire to simplify musical resources into the 12-EQ system.

Also with Zarlino begins the shift of the reference frequency from "A" to "C".  Although he still used "A" as his reference for the "open" (entire) monochord string, he reclassified the modes described by Glarean as beginning on "C", in order to bring them into conformity with the old Guidonean hexachord system.  From this point on, however, because of the increase of the prime-limit to 5, the harmonic use of pitches in European music brought out the natural dualism of mode ("major/minor") described in the next chapter on Tonality.  This hastened the demise of the old modal system and eventually the genesis of the modern system of "keys": 

…in numbering the species of any interval, the point of departure ought to be the natural scale resulting from the harmonic numbers

The names given to the two modes indicates that the "major" was somehow  felt to be the superior of the two - this was because of two factors: the habit of building chords upward, and from about 1650, the recognition of the overtone series as an archetypal harmonic system.  Thus, from this point on in music history, "C major" became the standard reference "key" and scale.  For the rest of this work, n0 will be given the letter-name "C".

The 5-Limit Diatonic Major Scale

From about 1500 to 1850, even for theorists who advocated the 12-EQ tuning, the theoretical basis of their systems was almost always some type of 5-Limit matrix.

Here is the standard 7-tone diatonic "major" scale which became the basis for the music composed during the "common-practice" period, roughly 1600-1900:
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In a more simplified version (bases "1" and "3" omitted):

For 5-Limit music, even further simplifications are possible. One is based on Ellis/Helmholtz, and uses just the exponent of 5 (positive or negative) alone as a numerical accidental. For example:

The other is adapted directly from Ben Johnston and uses only minus (-) signs to indicate the Syntonic Comma tuning correction.  Because traditional music rarely uses exponents larger than 2 for prime-base 5, the signs are simply repeated for exponents higher than 1:

To indicate the intonational adjustment of the Syntonic Comma itself, "+" indicates the presence of 5-1 in the ratio, which raises a tone's pitch by a Comma from its 3-Limit namesake; thus "-" indicates the presence of 51.

For example:

This particular set of pitch-classes was first defined as a scale by Ptolemy
, and has been advocated as the basis (i.e. notes without accidentals) for harmonic and notational systems by such important and chronologically disparate theorists and composers as Ramos
, Zarlino
, Lippius
, Rameau
, Riemann
, Schoenberg
, and Ben Johnston
.  It is the scale which became the standard throughout the "common-practice" period of European harmonic music (about 1600-1900).

TONALITY

Arithmetic Series and Tonal Centricity 

Tonality is a psycho-acoustical perception which results when several tones which are heard in a close time-frame have frequencies which bear or imply small-integer relationships to each other and to a common reference frequency. Example:

This type of chord, exhibiting an arithmetic series, can be viewed as a selection from the set of relationships embodied in the overtone-series; this has led to psychological theories of the overtone-series as a cognitive archetype.

I do have a theory in connection with this, as to why harmonic music developed at all and why it happened only in Europe: I believe that the acoustics of the great medieval cathedrals may have reinforced some overtones as vocalists and organists performed plainchant music, enabling perceptive listeners to hear the harmonic relationships already present in the overtone series.

Whether or not this is correct, I believe that it is beyond dispute that the brain will attempt to analyze all collections of pitches in terms of the smallest-integer relationships which can be implied by the collection  (I also believe that this is true of metrical/rhythmic relationships).

Conversely:

JustMusic notation
C n0
:
Ab 5-1
:
F 3-1

ratio
1/1
:
8/5
:
4/3

frequency
256
:
204.8
:
1702/3

proportion



:



:




demonstrates exactly the same types of frequency relationships, but in the opposite direction.  Whether or not chords can actually be built this way was a long-standing debate, but note that in standard terminology the lowest note of a "minor" triad is called the "root", whereas my theory follows Partch in calling the top note of the "minor" triad the equivalent of the "root".

Only odd-number multiples or divisions of frequency f result in musical pitches which produce new identities of the 2 tonalities originating on f:: 

multiples {f, 3f, 5f, 7f,...}

produce a "major" chord 

(Partch calls it "Otonality")

divisions {

, 

, 

, 

,...}
produce a "minor" chord ("Utonality")

The term which represents f is called by Partch a "numerary nexus".  He calls the odd-number representing the multiple or divisor an "identity" of a tonality.  If the nexus is the under-number [denominator] of a ratio, or a negative exponent or exponents, the identities are the over-numbers [numerators] and are called "Odentities"; if the nexus is the over-number, or a positive exponent or exponents, the identities are under-numbers or negative exponents, and are called "Udentities".

JustMusic Harmonic Analysis

In naming chords I simply place the JustMusic note which represents the nexus either above or below a line, depending on whether the nexus is and over- or under- number. For example:

(JustMusic nomenclature)

C n0


C n0


(traditional nomenclature)




C major
F minor

In JustMusic harmonic analysis, the identity integers are placed over or under a line which divides them from the numerary nexus, which is written as an ordinary JustMusic prime/exponent function, without letter-names, with n0 equated to the letter-name "key":

(JustMusic nomenclature)

3
n0


n0 = C n0
5
1



1
5



n0
3

(traditional nomenclature)





C:
I
iv

Of course, identity-integers and functions with letter-names can both be used together if necessary.

The two types of musical examples above illustrate the most consonant relationships available among pitch-classes within the 5-limit for creating "major" and "minor" triads: those which produce chords with identities of 1, 3, and 5.

If we stipulate three different identities for a chord, these three give the maximal consonance... 

On the 3 x 5 Matrix Graph, tonalities are represented as follows:

         "MAJOR" TRIAD = OTONALITY

Example:
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“C major”
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A 3-151     8.84



E 51    3.86



B 3151     10.88
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F 3-1     4.98



C n0     0.00



G 31     7.02


-1



Db 3-15-1  1.12



Ab 5-1   8.14



Eb 315-1  3.16



-1
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         "MINOR" TRIAD = UTONALITY

Example:
n0
“F minor”
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3
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A 3-151     8.84



E 51    3.86



B 3151     10.88
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C n0     0.00
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Ab 5-1   8.14



Eb 315-1  3.16



-1
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Whether the mode is "major" or "minor": 

· the 1-identity ("root" of the chord in "major", "5th" of the chord in "minor") will always be at the corner, 

· the 3-identity ("5th" of the chord in "major", "root" of the chord in "minor") will always be horizontally next to the 1-identity, and

· the 5-identity ("3rd" of the chord in either mode) will always be vertically next to the 1-identity.

Zarlino and Triadic Harmony

Sensing the phenomenon of tonality, Odington also mentions the "major" chord, possibly for the first time in the history of music theory.  But he gives it as 64:81:96:128, in Pythagorean form [instead of 4:5:6:8 = 64:80:96:128]

Gioseffe Zarlino was the first theorist to analyze ratios of more than 2 notes
. Previously, theorists had been concerned almost exclusively with intervals, but Zarlino defined the triad as the fundamental harmonic unit. He also defined as the mathematical basis of music the senario: the series 1, 2, 3, 4, 5, 6., and stated that all consonant harmonies were derived from these numbers and their products and squares.

Rameau: Fundamental Bass and Inversion

Jean-Phillipe Rameau has a position of utmost importance among music theorists, because his theories laid the foundation for what most listener’s think of as the “golden age” of classical music - the era from Bach thru Mozart, Beethoven, and Brahms, and right up to Wagner.

There were two tenets of major import in his theories:

1. The fundamental bass as the source of all harmony, and

2. The concept of inversion, whereby tones in chord can be raised or lowered an octave without changing the function of the chord

Neither of these ideas was entirely Rameau’s own: the concept of a fundamental bass, which is the more original, was ultimately derived from the work of Mersenne and Saveur on analyzing the overtone series; and the concept of inversion was developed in German theory and then definitively stated by Lippius over a century earlier. However, it was Rameau who brought both concepts together to form the basis of not only harmony but also melody.

His theory still forms a large part of what is taught to musician’s today, and also what is heard in much popular music.

Partch: The Dual Nature of Tonality

Harry Partch created a diagram which he called the tonality diamond. This portrays all the identities of both otonalities and utonalites, each of the two along a different axis. This demonstrates clearly the dual nature of tonality, as every ratio in the diamond is simultaneously both an odentity and a udentity.

Each succession of ratios between solid lines is a triad - the 1, 5, and 3 Odentities of an Otonality, given within a 2/1 [="octave"].  Each succession of ratios between dotted lines is also a triad - the 1, 5, and 3 Udentities of a Utonality.

In JustMusic terms, I have redrawn the Tonality Diamond as follows:

Any combination of pitch-classes can be graphed onto both proportional charts: thus, any chord can he analyzed as both an Otonality and a Utonality.

On each graph [0- and U-tonality), the entire set of boxes marking a chord must be placed as close as possible to the 1-Identity to obtain the smallest integers which describe the ratios between the pitch-classes in the chord. Either the type of tonality with the smallest-integer proportions is used for each individual case, or else the Otonality method alone is used consistently.

For the analysis of the chord, the note which represents (or would represent, if not present) the 1-Identity is placed below (for Otonalities) or above (for Utonalities) the dividing line, with the Identity numbers on the other side of the line.

Example: “C major” triad:
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C n0     0.00



G 31     7.02

Analyzed as an Otonality:
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Analyzed as a Utonality:

B 3151
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There has been no conclusive explanation of the reason why humans perceive tonality.  As stated before, some theories hold that the overtone series, which is a series of pure sine-tones whose frequencies progress in an arithmetic series 1:2:3:4:5:6:7... and which is perceivable in almost every heard musical sound, presents an archetypical pattern into which our minds try to fit the music we hear.  Others, including myself, give more weight to the properties inherent in numbers themselves.  Some use statistical results of melodic pitch-processing to arrive at a tonal centricity

From my own research, I feel confident in stating only that:

· Partch's observations about Numerary Nexus, Identity, and Field-of-Attraction seem correct
,

· when compared to each other or to a reference frequency, all tones which vibrate periodically are subject to a type of harmonic analysis which uses the Fundamental Theorem of Arithmetic to disclose the arrangement of prime-integer bases and positive or negative exponents which make up the factors in their frequency-ratios, and

· all combinations of tones, chords, and tonalities can be further analyzed in the same way, showing both time-dependent and -independent patterns of relationship among the primes and exponents.

It is my belief that new graphical representations of these relationships -especially temporally-changing computer graphs - will shed further light on aspects of harmony used in already-composed music, and also act as a creative stimulus for the exploration of previously-unused possibilities.

Implications of Prosdocimus’s system

The following diagram show Prosdocimus’s 3-Limit system, along with the 5-Limit ratios which were only a schisma away. This illustrates the 5-Limit implications of his system

The Ancient Indian system

By _____ Indian theorists had formulated a system of such sophistication as would not be achieved in Europe until the 1500s (?).

An extensive 5-Limit JustMusic system

The following diagram shows a very large mapping of 3- and 5-Limit ratios onto the matrix graph.  I consider pitch-classes a Schisma apart to be identical for practical purposes, and so the important anomaly which must be taken into account is the Syntonic Comma.  If all 35 of the standard pitch-classes are used - the 7 diatonic notes, along with their sharps, flats, double-sharps, and double-flats - they must also be repeated a Syntonic Comma higher or lower. This results in an extensive system of 70 pitch-classes per octave, capable of producing practically all of the harmonies necessary in classical music until the 20th century.

From the graphical layout, it is obvious that any ratio in the 3-limit system can be functionally replaced by a corresponding ratio which includes prime-base 5 and which represents the same letter-name pitch-class.  This holds true for ratios using other prime-bases as well: within limits which are being defined by psycho-acoustical experiments, all ratio intervals can be recognized as inflections of, or substitutions for, other intervals which are approximately the same size.  The melodic function of these variant ratios remains the same because of the closeness of their frequencies in the "tone-height" scale.  However, the different prime-bases produce a different "chroma" for each variant, which indicate that a variant is used either for a different harmonic function or for an expressive melodic inflection.

An Extensive 5-Limit JustMusic System
( 1996 by Joseph L. Monzo
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Fx 3-354     6.39



Cx 3-254     1.41



Gx 3-154     8.43



Dx 54     3.45
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Ex 3254     5.49



Bx 3354     0.51
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D# 3-353     2.52



A# 3-253     9.55
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THE 3rd DIMENSION: PRIME BASE 7
This [5-Limit Diatonic "Major"] scale is not the last word, the ultimate goal of music, but rather a provisional stopping-place.  The overtone series...still contains many problems [in regard to comprehending the relation of higher partials to the fundamental and reconciling these relations with performance practice...the] compromise between the natural intervals and our inability to use them...which we call the tempered system...cannot permanently impede the evolution of music... Then our scale will be transformed into a higher order...

...[the] five [-limit] is already far behind us.

...there was no agreement that a 5 limit should prevail, but because it was expedient in the building and tuning of fretted and keyboard instruments and because its demands on notation were less complex, and for no other primary reasons, it did prevail in practical music...It seems obvious...that in this modern day we are trying to express harmonies of 7, 9, and 11 in a system - instruments and notation - designed for those of 3 and 5 only.

...based on consonant use of the dominant 7th chord (tuned in the ratio 4:5:6:7), prime number 7 may be said to contribute a sense of centralized instability, suspending the dominant-tonic (3 to 2) polarity.

See the accompanying 3-d graph in the next diagram.

From observations I have made with my own experiments of sequencing the opening of Mozart's 40th Symphony (G minor) in just-intonation with 3 different limits of 5, 7, and 19, I have found that harmonic music written up to this period (circa 1785) was based on ratios no larger than the 5-limit.  Using ratios of 7 as "common-tones" in the "pivot chords" threw the modulations off into keys which are remotely related to the "tonic" or 1/1.

In the same way that each linear graph of a 3-limit system is reproduced at each new exponential value of prime-base 5, each planar 3-by-5 matrix is reproduced at each new exponential value of prime-base 7; see the accompanying 3-D graph in Figure 2.

In finding a name for 71 ( = 7/4), we can go through the same process as was done previously with 51. We find that Cbb 3-14 is only 0.04 Semitone higher in pitch than 71, but in this case, not only a long-standing use of the name "Bb" for 7/4, but also the non-use of "Cbb" altogether, indicates "Bb 71"

There has been a long debate among music-theorists as to whether or not 7 is implied as a prime-base in musical harmony, similar to that which concerned 5 back in the 1500s. The question is far from settled academically, especially owing to the widespread use of the 12-EQ system, whose closest representation of the 7-identity is 0.31 Semitone - almost a “sixth-tone” - too high

However, I place much importance in the analysis of folk, popular, and commercial musical works because I feel that they reveal an urge to balance the simplicity of the harmonic system with flexibility of emotional expression. I believe that much of this music since about 1900 - especially the blues and music derived from the blues - has accommodated a wide variety of ratios incorporating prime-base 7.

7-Limit Pentatonic Scales

The pentatonic scales, as all other collections of pitch-classes, exhibits much greater simplification in its proportional relationships as it includes ratios of 5, and even more so when it includes ratios of 7. The next diagram displays four pentatonic scales.

Archytas

Archytas used ratios of 71 in his calculation of ratios for Trite and ParHypate, which were the same in all three genera in his system.

ARCHYTAS SCALE SYSTEM
© 1996 by Joseph L. Monzo

All 3 genera, within one “octave”

combined 2-disjunct and 2-conjunct tetrachord systems
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4.71






5/4
6/5
7/6
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=
20 : 25 : 30 : 35

=
36 : 45 : 54 : 63

The Blues

A great deal of today’s use of 7-Limit ratios stems from their prominence in the Blues and its related or derived styles.

Blues music is an amalgamation of Western European formal structures and harmonic usages, and African melodic stylings and rhythmic patterns. Ratios of 7 are so prominent in the Blues, and so markedly absent from the Western European music of the American colonial period, that I think it is extremely likely that they were in regular use in the African music which the slaves imported with them to America.

So much of today’s commercial and popular musical styles have been influenced in one way or another by the Blues that one would be hard-pressed to find any of such music which does not feature 7-Limit ratios in its performance. Also, because of the melodic use of these ratios against standard European harmonic progressions, 7-Limit ratios have had to be taken into account as part of the chord, and today’s harmony has thus become enriched in the same way.

Important to blues style is the idea that there is not one, but two basic scales available for use over a given blues harmonic structure. One type is called simply the blues scale, and the other is called the relative blues scale. Just as any “major” scale is related by a common “key signature” to its “relative minor” a “minor third” lower, the relative blues scale appears a “minor third” below the regular blues scale, and gives a “major” feel as a counterpart to the regular blues scale’s “minor” feel.

See the following diagram.

NON-PRIME IDENTITIES: 9, 15, 21, 25, 27, etc.

According to Partch, every odd-integer proportion to a numerary nexus represents a specific identity of the tonality represented by the nexus, whether it is a prime or not
.  However, I find that there is a peculiar characteristic of non-prime identities such as 9, 15, and 21: their chroma or psychoacoustical meaning seems to combine the emotional affect of their constituent primes (which obviously have lower identity-numbers), in the way Daniélou suggested, even though these pitch-classes can each claim their place as a legitimate "rung in the tonal ladder"
.

Thus, I find that the 9-identity (= 32 = 2.04 Semitones) - which is almost exactly the same pitch as the 12-EQ "(perfect) 9th" - has the same "powerful" or "forceful" affect as that which characterizes the 3-identity (31, the "perfect 5th"), although the affect is felt to a weaker extent.  The 27-identity (= 33 = 9.06 Semitones) - one of several ratios which would be termed a "major 6th" or "13th" -is already such a large-integer proportion that it begins to lose this characteristic and tend towards dissonance.

Likewise, the 15-identity (= 3151 = 10.88 Semitones) - in current terminology the "major 7th" - seems to me to combine the "powerful" characteristic of 3 with the often-cited "softness" typical of 5. 

The 21-identity (= 3171 = 4.71 Semitones) seems to combine the power or force of 3 with the further softening typical of 7, but again, to me, this ratio is already near the boundary of what I would call dissonant, because of the size of the numbers in the proportion.  Similarly for the 25-identity (= 52 = 7.73 Semitones), the "augmented 5th", and all higher identities.

USING HIGHER PRIMES

PRIME-BASE 11

Ptolemy

Claudius Ptolemais was accomplished as a mathematician, astronomer, and cartographer, as well as musician. He was interested in synchronizing the two disparate schools of thought in ancient Greek music theory: the Pythagorean, which believed that everything harmonious was due to numerical relationships (but which was close-minded in that it only accepted powers of 3), and the Aristoxenean, which eschewed numbers completely, but which also based consonance on the faculty of the ear to recognize “smooth” sounds, which we know are the result of small-number relationships.

Ptolemy’s achievement was to recognize relationships of the smallest prime numbers which were compatible with the required aesthetic effect for any given musical system. He utilized primes up to 31, but included the ratios of 11 as a body.

The Debate Over the “Consonant 4th”

Another curious aspect of prime-base 11 is that it provides a “4th” which is consonant with the “tonic” (ratio 11/8 or 111), or in Partch’s terminology, shares a numerary nexus with it. This is not the case with the “subdominant 4th” or 4/3 ratio (= 3-1).

Because the 4/3 does not share the “tonic’s” nexus, there was for centuries much debate over whether or not it was actually consonant. The ancient Greeks recognized it as consonant, but with the advent of triadic tonality, and the resultant desire to recognize all chord members as bearing a relationship to one “root”, 4/3 could obviously not be included in the family.

“Quartertones”

Ratios of 11 generally fall almost exactly midway between the notes of the 12-EQ scale. This makes them sound like “quarter-tones”, which, as we saw earlier, are the easiest means of tonal expansion in an EQ system.

Julian Carillo

Carillo was a Mexican composer who used various EQ scales which were multiples of 12-EQ, eventually settling on a 96-EQ system. His system gave:

“semitones”
12-EQ

“third-tones”
18-EQ

“quarter-tones”
24-EQ

“sixth-tones”
36-EQ

“eighth-tones”
48-EQ

“twelfth-tones”
72-EQ

“sixteenth-tones”
96-EQ

One of the reasons why Carillo’s work has gotten more recognition than the English experimenters in just-intonation of the 1800s is because he was not just a theoretician, but a composer, and he wrote a large quantity of pieces which used these small intervals.

Charles Ives

Charles Ives was one of the first composers to experiment with “quarter-tones”. He defined two basic chords which he used in his music.

Max Meyer

Meyer’s treatise on musical arithmetic is an early American effort at breaking out of the straight-jacket of 12-EQ theory. He represented all of his pitches with integer proportions which analyzed the harmony of an entire piece from an Otonal standpoint, with a “tonic” or 1/1 which may or may not actually be present in the music.

Although he advocated the use of proportional numbers in his notation, the instrument which Meyer used in his demonstrations was tuned to the 24-EQ scale. Thus, like Schoenberg, he felt that a simple EQ scale provided pitches which were sufficiently close to just-intonation ratios that it would not invalidate the harmonic intentions, although his scale provided more resources, and more accurate implications, than Schoenberg’s acceptance of the 12-EQ scale. Meyer’s emphasis was that the harmony should be conceptualized in terms of proportional ratios.

Alois Haba

Probably because he was a European, Haba received a good deal of recognition at one time as a “quarter-tone” composer, although his work was subsequently largely forgotten. He also used other EQ divisions, similar to Carillo.

Harry Partch

Harry Partch was one of the great pioneers of thorough tuning research in modern times.  Around 1930, he burned all of his previous music and started anew, building his own instruments to suit his tuning theories as he went along.  His book Genesis of a Music was a gold mine of information for me, and indeed it was the catalyst which started me thinking about JustMusic theory.

He eventually settled on a 43-tone scale with prime-bases of 3, 5, 7, and 11.  I believe it marks the first time a composer of harmonic music has used precisely-tuned ratios of 11 (in addition to 7, 5, and 3) in his system of  tonal resources. The diagram on the following page presents Partch's scale in JustMusic notation, centered on n0 = G 392 Hz (which is equal to Ab 72 in my system).

Below is Partch’s complete Tonality Diamond in JustMusic notation.

Below is a transcription into JustMusic notation of Partch’s song “The Intruder”. 

PRIME-BASE 13:

Eratosthenes

Eratosthenes used ratios of 13-1 in the calculation of his Enharmonic Trite and ParHypate, so that the intervals would form superparticular ratios.

Arnold Schoenberg

In twelve-tone composition...almost everything that used to make up the ebb and flow of harmony [is], as far as possible, avoided. ...At the root of all this is the unconscious urge to try out the new resources [i.e. prime-bases above 5] independently,...to produce with them alone all the effects of a...compact, lucid and comprehensive presentation of the musical idea. ...A later time will perhaps be allowed to use both kinds of resources...one alongside the other.

Schoenberg is known foremost as the inventor of dodecaphony, the famous and (at least in academic circles) frequently adopted

Method of Composing with Twelve Tones Which are Related Only with One Another.

I have endeavored to understand Schoenberg's harmonic theories as thoroughly as possible, but the effort has been made very difficult by his mixture of rational implied proportions up to at least a 13-Limit in theory, and, at the same time, the strictest possible adhesion to the irrational 12-EQ system in performance practice.

I have already emphasized that Schoenberg understood the harmony of his time to have a complex mathematical basis
, but that he was willing to accept the equivocations of the tempered system, simply because it was immediately practicable, and because he apparently felt that its deviations from small-integer ratios were not serious enough to impede the listener's comprehension of his harmonic intentions:

Composition with twelve tones has no other aim than comprehensibility. ...In the last hundred years [1841-1941] harmony has changed tremendously through the development of chromaticism. ...The ear had gradually become acquainted with a great number of dissonances, and so had lost the fear of their "sense interrupting" effect. ...in my Harmonielehre I presented the theory that dissonant tones appear later among the overtones [i.e. have prime-bases higher than 5 involved in their ratio to the fundamental], for which reason the ear is less intimately acquainted with them. ...The term emancipation of the dissonance refers to its comprehensibility [that of prime-bases 7 and above], which is considered equivalent to the consonance's comprehensibility [that of prime-bases 3 and 5]. A style based on this premise ["atonality"] treats dissonances like consonances...

So far Schoenberg is arguing that so-called "dissonant" tones actually do help to reinforce a tonal center, albeit in an increasingly weak fashion, because they have an increasingly complex [“incomprehensible”] relationship to the reference frequency. But before that last sentence is finished, he has reverted to the old-fashioned way of thinking of dissonances as being not related to the "key", but as being foreign, in the sense that these "dissonant" tones actually belong to other fundamentals, because composing in this "atonal" style

...renounces a tonal center. ...avoiding the establishment of a key...

If Schoenberg had been willing to listen to his theoretical ideas on just-tuned instruments, he may not have made that paradoxical statement.
 He may have been confusing different proportional identity-implications for the same EQ note. Certainly, a factor which contributes to much confusion in all of his theoretical writings is the fact that Schoenberg retained the use of both "consonance" and "dissonance" - two terms which describe polar opposites at the end of a continuum, instead of adopting "sonance" (as I have done), which describes the continuum itself, to indicate the related rather than opposed nature of the relationship between these two concepts.

But I think there may be another explanation for this contradiction - one that seems to agree with the evidence that Schoenberg had a brilliantly logical mind and an extraordinarily perceptive ear.  Even without the mathematical and graphical mapping of harmonic relationships which I have presented here, perhaps Schoenberg had an incipient realization that the mathematical complexity of tonal relationships really did mean that there is an infinite number of numerical relationships which any frequency can bear to other frequencies. Thus, using largely higher-prime relationships to a fundamental frequency would tend to weaken the centric force which would be felt for that fundamental were only primes of 3 and 5 to be used, as the relationships between the higher-prime pitch-classes themselves would form other more-distant tonal centricities of their own.  Schoenberg's own analysis of his 11-tone "Erwartung chord" indicates the validity of this approach.

If this is what Schoenberg believed himself, then when he "renounced a tonal center" in his compositions of 1908 and after, then made the contradictory statement in 1911 that it was impossible to ignore or negate the mathematical relationships between tones, what he was really doing was refusing to face up to the inability of his notation and intonation to reflect what he was conceptualizing. This made it nearly impossible for someone outside his teaching circle to understand what his harmonic implications truly were, despite the tantalizing hints that he provides in various theoretical writings - and the one cited above is one of the most enticing. Let us examine some of these.

Schoenberg clearly believed in monotonality in the sense that any given "tonal" piece was in only one tonality throughout, and modulating into other "keys" or "modes" really meant just diverting to a region which has a clear-cut and subordinate relationship to the central tonic.
 From the explanation of the major scale given in Harmonielehre (see below) and the abbreviations and terminology for the "tonics" (n0) of the regions, which he used in his "Chart of the Regions"
, it is obvious that Schoenberg conceived of these regional "tonic"-relationships within the 5-Limit, and the "tonics" [the n0] of these regions can be easily mapped onto my 3 x 5 Matrix Graph:
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I have illustrated only the "major" regions, because Schoenberg thought of the "relative minor key" as using the same pitch-classes as the "major" - although there are some inconsistencies because he did not recognize the dualistic nature of the 5-Limit system, where two tones separated by a Syntonic Comma are notated as - and for Schoenberg, assumed to be - the same pitch. A good example of this is the fact that SMSM [ = 3-252] and S/TM [ = 3251] have the same letter-name on Schoenberg's chart, even though it is obvious from my graph that they are explicitly different frequencies.

In 1911, Schoenberg postulated the "major" scale as the combination of the first 5 partials of the tones 3-1, n0, and 31, or what he calls

...the most important components of a fundamental tone and its nearest relatives.

The next sentence shows that he has a grasp of the emotional affect or psychoacoustical meaning of prime-base 3:

These nearest relatives are just what gives the fundamental tone stability; for it represents the point of balance between their opposing tendencies.

He then insists that

...we must assume the presence of the other overtones...

and proceeds to consider partials up to the 12th explicitly, implying prime-bases 3, 5, 7, and 11, but without any mathematical explanation whatsoever. Indeed, Schoenberg professed on more than one instance that he was quite ignorant of musical mathematics
, and the only accurate reference to ratios which I have ever found in his work is in a footnote to a book which he wrote near the end of his life
 

The 11-Identity ( = 5.51 Semitones) is essentially a "quarter-tone" away from either of two different 12-EQ representations.  Indeed, this is one of the "problems of the higher overtones" to which he refers frequently
 In Harmonielehre, Schoenberg lacked consistency in that he called the 11th partials of both "C" and "G" by the lower of their two possibilities ("F" and "C" respectively), but the 11th partial of "F" by the upper possibility ("B")
; this is reflected in my notation below. 

Here is the scale which results from these implications, with identities (= partial numbers) for the three fundamental tones given below - higher identities which Schoenberg did not explicitly state are given in brackets:




In 1934, Schoenberg stated that identities 1 through 13 on F, C, and G were implied in the reference chromatic scale on C. Here, he consistently calls the 11-identity by the higher of its two possible 12-EQ representations
. This 13-Limit system was his way of explaining the 5 chromatic notes in the "key" of "C"; modulating to other "keys" would produce a whole new set of ratios. It is also entirely possible that he assumed the implication of much higher prime-bases, but the highest prime he ever explicitly identified in his theories is 13. The 13-identity (= 8.41 Semitones) is again nearly a "quarter-tone" away from either of two 12-EQ representations, and is thus in Schoenberg's view another "problematic" partial. He uses the closer of the two, which is the lower possibility:

(Note that the implied ratios in this collection of pitch-classes form another 17-tone scale, but one quite different from that of Prosdocimus.)

The scale is presented on the following page, followed by my analysis of a 29-tone scale which amalgamates Schoenberg’s theories of higher partials and of regions.

Of course, Schoenberg considers that this "Parent Scale" on "C" can be transposed to any other pitch.  Given the already large variety of implied tonal identities in the basic scale, and the number of (non-unity) primes involved (3, 5, 7, 11, and 13), it is easy to see that the tonal implications are indeed approaching "incalculable.

The Parent Scale would be transposable onto other "regions" - certainly within the 5-Limit, and possibly also onto higher-prime "tonics". If the central tonality of the piece is other than "C", then the entire system, starting with the "Parent Scale", must be transposed onto that "tonic".  This again is analogous to the system of hexachordal mutation in the medieval period
.

Schoenberg was eager to exploit these newly "emancipated dissonances". This is a partial explanation for the difficulty so many listeners have had with his music - and certainly, another part of the explanation is that Schoenberg insisted that his listeners comprehend these "more remote overtones" (particularly 11 and 13) through the vastly imperfect medium of the 12-EQ scale. Considering the enormous influence Schoenberg's theories have had on many aspects of modern harmony, attempts to analyze - and possibly perform - his music and theoretical examples in terms of JustMusic notation and theory may shed much light on 20th Century harmonic procedure.

Kathleen Schlesinger

Kathleen Schlesinger has presented a provocative theory of the ancient Greek modes. In her system, each modal species was simply a complete Utonality.

Part of the reasoning by which she arrived at this idea was that the ancient musicians probably constructed their wind instruments with equally-spaced finger-holes, which would have provided a pleasing aesthetic effect visually, and would result in a scale of Utonal identities.

PRIME-BASES 17 AND 19

Eratoshenes

Eratosthenes used 19-1 in the calculation of ratios for his Chromatic Trite and ParHypate, which were also the same ratios he used for Enharmonic ParaNete and Lichanos. It must be noted, however, that these pitches are only 0.01 Semitone higher than his 3-Limit Diatonic Trite and ParHypate - thus, there is no audible difference. He felt the need to use prime-base 19 in order to make sure that his tetrachordal intervals would be superparticular ratios, which were important in the Greek theory.

Boethius

Boethius used 19-1 in the calculation of ratios for his Chromatic ParaNete and Lichanos. These pitches are 0.04 Semitone lower than those which can be found in the 3-Limit series, thus there is a very small audible difference.

Marchetto da Padova

Marchetto of Padua’s Lucidarium describes a way of dividing the “whole tone” into 5 parts. This has been taken to mean a division into 5 equal parts, but in a confusing passage of Marchetto’s I think I have found evidence that this is not the case.

Marchetto calls this 1/5-tone a diesis, a name used in ancient Greek theory to indicate a number of small intervals. He specifies three sizes of “semitone”, gives their size in dieses
, and includes ratios for two of them
, as well as for the “tone”:

Type Of “Semitone”
Size In Dieses
Ratio
Semitones

(Whole Tone)
5 dieses
9/8
2.04

Chromatic
4 dieses



Diatonic
3 dieses
17/16
1.05

Enharmonic
2 dieses
18/17
0.99

In the passage in question, the “whole tone” seems to be first divided into 9 parts, then Marchetto explains that each Diesis is to be measured off as follows:

1st diesis = the first part (i.e., from 0 to 1)

2nd diesis = from 1 to 3

3rd diesis = from 3 to 5

4th diesis = from 5 to 7

5th diesis = from 7 to 9.

My explanation is thus: take a “whole tone” as 8/9 of a string length:

 9
 8
 7
 6
 5
 4
 3
 2
 1
 0

    Divide this interval into 9 parts arithmetically:

0
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81
80
79
78
77
76
75
74
73
72

      0.22

0.44

0.45

0.46

0.47
Semitones

The most surprising thing to notice is that the Syntonic Comma is explicitly measured off as the first part. This would mark the Lucidarium as the first clear recognition of the role of the Syntonic Comma in the harmonic practice of modern European music. Perhaps the “semitones” were reckoned thus:

Diatonic Semitone

Enharmonic Semitone

81/76



19/18

1.10



0.94
81




76



72

81
80







72

  Diesis



Chromatic Semitone

  81/80




10/9

  0.22




1.82

These can be compared to the standard intervals thus:

Marchetto’s term
My Ratio
Marchetto’s

ratio
Standard

3-Limit
Standard 5-Limit

Diesis
81/80

345-1
0.22

531441/524288

312
“Pythagorean comma

0.24
81/80

345-1
“syntonic comma”

0.22

Enharmonic

semitone
19/18

[= 76/72]

3-2191
0.94
18/17

3217-1
0.99
256/243

3-5

“limma”

0.90
135/128

3351

“lesser semitone”

0.92

Diatonic

semitone
81/76

3419-1
1.10
17/16

171
1.05
2187/2048

37

“apotome”

1.14
16/15

3-15-1
“greater semitone”

1.12

Chromatic

semitone
10/9

[= 80/72]

3-251
1.82

65536/59049

3-10
1.80
10/9

“minor tone”

3-251
1.82

Chord “Extensions” in Modern Popular Harmony

A bewildering variety of high-prime identities is implied in the harmony of contemporary classical and jazz music.  Some of these have even found their way into popular music.

Because 171 [= 17/16] = 1.05 Semitones and 191 [= 19/16] = 2.98 Semitones, these two identities are implied very well in the 12-EQ scale.  It is therefore not surprising to me that even in pop music harmony, 17 and 19 are frequently used as chord-members - they are commonly referred to as "extensions".  Here is a very typical example:

(traditional terminology:)

I interpret the most consonant implications of this progression in JustMusic as follows:

The “Diminished 7th” Chord

171 actually has a history of harmonic use that goes back about 200 to 300 years:  it was quite characteristic of Beethoven and even appeared in Bach's works.  The proportion 10:12:14:17, according to Ellis
 and Partch
, defines the most consonant "diminished 7th" chord - a quadrad which became extremely popular in all kinds of harmonic music:

The “Augmented 9th” Chord
191 became definitely established as a "flat 3rd" or "10th" in the blues, but really came into its own in the "augmented 9th" chord in the 1960s.  This chord was used extensively by James Brown, and was a particular favorite of Jimi Hendrix.  An example is the opening of his song "Foxey Lady"
, as interpreted in JustMusic:

Although the 5-identity of this chord (A# 3252) is not actually played along with the other notes in the chord, it is strongly implied by its presence in the opening trill, and also by the way Hendrix bends the "augmented 9th" (A 3251191) upward in pitch after the string is picked, and possibly also by reinforcement of the lowest partials of F# 3251 through the use of heavy distortion in the guitar's amplified sound.

BEYOND 19

General Observations

The current terminology of the 17 and 19 identities as "flat" (or "diminished") and "sharp" (or "augmented") "9th", respectively, - as well as that of the 15-identity as "major 7th" - indicates to me that already a kind of identity limit has been reached at 13.  Certainly, this is partly due to the influence of traditional theory with its technique of building chords in "3rds", which was mainly the idea of Rameau
.  As an example, here is a "C major" chord with  all of its possible members indicated in the most common modern terminology, and  with the most probable JustMusic interpretation indicated on the lower staff:

With this method, the next "3rd" above the "13th" returns us back to the "root".  Thus, there are no other basic chord-members - the only other pitches which can be used in a chord are alterations of the basic set given above.

However, in just-intonation, because the intervals in the progression of successive identities get continually smaller - exactly as in the overtone series - the 15-identity takes us not back to the "root" (more exactly, the "octave"), but to the "major 7th", which is "sharper" (higher in pitch) than the "minor 7th" which represents the 7-identity.  Thus, 15 apparently creates an alternative to 7, and it may or may not be a remarkable coincidence that in the reference tonality (C n0) these two identities parallel the same "B/Bb" alternates which emerged in the medieval European system via ancient Greece.

Traditional musical usage has dictated that these are alternates and are not to be used together as chord-members - again similar to the prohibition of "mi contra fa" in musica ficta.  Of course, this "ultimatum" may be ignored by the musician if desired, but does provide a useful guidepost, as has already be suggested by Fonville in connection with Ben Johnston's music
.

Thus, identities higher than 13 create a set of alternative notes for the lower identities.  The most important of these will be studied here.

As noted above, these alternates also appear for the "9th", with the 17- and 19-identities.  The 21-identity provides an alternate to the 11-identity in the guise of a "flatter" (lower in pitch) "11th" (4.71 Semitones), which is slightly lower than the "perfect 4th" (3-1 = 4.98 Semitones), and which agrees better with the numerary nexus than the latter.  The 21-identity of the "tonic" chord bears a particularly strong functional relationship to the "tonic" because it is also the 7-identity of the "dominant" chord:
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 n0
=
31
The 23-identity (= 6.28 Semitones) and 25-identity (= 7.73 Semitones) provide the "flat" ("diminished") and "sharp" ("augmented") "5th", respectively.

The 27-identity (= 9.06 Semitones, again close to 12-EQ) results in a "13th" which is "sharper" than the 13-identity, and which is close to the familiar 12-EQ "13th".  

Beyond this, the 29-identity (= 10.30 Semitones) and 31-identity (= 11.45  Semitones) are alternates for the 7- and 15-identities respectively, which are already alternates themselves, so this is a boundary which I rarely feel needs to be crossed in most traditional classical and popular music.   Of course, some composers and performers enjoy working with all kinds of higher-prime identities - these are considered next.

Didymus

Didymus used ratios of 31-1 in the calculation of his Enharmonic Trite and ParHypate.

Ben Johnston

There are only 3 important differences between JustMusic and Ben Johnston's "system of presentation" (I use Schoenberg's phrase here, rather than call it Johnston's "theory", because his theoretical concepts are essentially identical to mine)
:

1.      JustMusic uses explicit prime-base integers exclusively, whereas Johnston uses:

Prime-base
Johnston’s symbol
Notes

5

plus/minus sign

7

connected “7”

11

up/down arrow

13 and above

prime-base integers

2.  JustMusic uses explicit positive and negative exponents exclusively, whereas Johnston uses:

Exponent
Symbol

negative exponents of prime-base 5
minus signs

negative exponents of 7 and above
inverted symbols

exponents higher than 1
repetition of symbols

3.     (The most fundamental difference) JustMusic accidentals become increasingly complex in direct proportion to the complexity of prime-bases and exponents involved, with the reference set of pitch-classes which need no accidentals representing the entire set of powers of 3. By contrast, Johnston bases his entire notational system on a reference set of 7 tones which have no accidentals, and which form the standard 5-Limit Just-Intonation Diatonic Scale, incorporating pitch-classes which contain both 3 and 5 as prime-bases:

5y
0



A 3-151

8.84



E 51

3.86



B 3151

10.88



-1



F 3-1

4.98



C n0

0.00



G 31

7.02



D 32

2.04



-1
0
1
2




3x



Johnston conceives this diatonic scale in exactly the same way as Schoenberg: the tones of the three "major" triads (identities 1-3-5) built on the three "fundamental" tones of I, IV, V (= n0, 3-1, 31):




These are the only pitch-classes in his system which require no other symbols than the plain letter-names. He based his notation on this because he wanted to use a reference scale which he felt would be intuitively felt by the largest number of musicians, as his objective is to have players of ordinary orchestral instruments learn how to make the intonational adjustments required for his music, rather than to build new instruments as Partch and others have done.

Johnston does not use a finite system of pitch-class resources: he sets limits of closure on the number and patterns of his pitch resources individually for each piece, and considers the determination of these limits to be a part of the compositional process.

On the following pages, I present a matrix graph of the pitch-classes used in the Johnston’s Fourth Quartet (Amazing Grace).

Ezra Sims

Sims uses a 72-EQ scale whose pitch-classes he considers to represent a complex just-intonation system.  He uses primes up to 37, and can use any pitch to represent n0.  This is his "Parent Scale":

The usual version of the Parent Scale divides the first two “whole tones” into 3 parts, as indicated on the top staff in the top two systems. These pitch-classes imply an underlying harmony based on the fundamental 3-1. 

Sometimes, however, Sims prefers to divide these two “whole tones” into 4 parts ("quarter-tones"), as indicated on the bottom staff in the top two systems. These pitch-classes are used when the harmony is based more strongly on n0,, as they are identities on it. The remainder of the scale is used as shown on the bottom two systems.

He represents these ratios with the closest 72-EQ scale degree, then transposes the Parent Scale onto Odentities through 15 - in other words, n0 = 51, 71, 32, 111, 131, and 3151 - applying as many as possible of the transposed pitch-classes to unoccupied 72-EQ degrees, until all 72 degrees are occupied.

Sims uses 72-EQ mainly for notational purposes, as he ordinarily prefers to work with just-intonation pitches.
 Indeed, his notation (which differs only slightly from Herf’s, described supra, who uses the same 72-EQ scale) is quite easy to get used to, and has a transparency for describing microtonal intervals which many other notational systems (including Johnston’s and even my own) do not.

Louis Armstrong

I suspect that more people have not thought to notice that what Armstrong performed was “microtonal” simply because they didn’t have the idea of microtonality always in their mind and a terminology always at hand with which to measure what they were hearing. (Also, perhaps they didn’t want to think that a Jazz performer could be so “cold-blooded” and intentional.)

One of the outstanding characteristics of Louis Armstrong’s unique and extremely influential style and technique is his very subtle pitch-usage.

Armstrong's vocal performance on his 1928 recording of "St. James Infirmary"
 has been analyzed by Ezra Sims on a monochord divided into increments of 0.10 Semitone, and used by him as a basis for a microtonal composition.

Sims’s opinion is that Armstrong’s basic scale is the same as his own, with some other notes used perhaps for exaggerated effect. This analysis is presented in JustMusic notation, with the ratios of these “extra” notes supplied by me according to the harmony.

I have analyzed this piece myself and gotten some quite different results - this points out the difficulty of accurately determining pitch solely by ear, even when measured in such small intervals.


Franz Richter Herf

Herf pioneered the concept of using different types of arithmetic series - which represent the frequency-proportions - to create particular harmonic configurations.

In his research, he has observed that there are connections between the structural features of chords and the quality of sound of the chord. 

According to Herf, chords differ in three ways:

1. the number of combined tones, with a greater number of tones giving a more enriched “color” to the chord,

2. the constellation or inner structure of their intervals. This factor is of the utmost importance in determining whether the resultant sound is structured or amorphous,

3. the absolute position of the individual sounds in the Pitch-Continuum.

His process in forming a chordal structure, and from this, a scale, is to repeatedly add difference d to initial term a, which he writes:

sequence d on a,       or        d || a

For example, the simplest sequence is  1 || 1, which describes the series 1:2:3:4:5:6:7:8…, which in turn describes the series of partials in the sounds produced by wind and string instruments.

With multi-dimensional vibrating systems such as bells, other more complicated series of partials arise, but they are still regular. For example,  3 || 1  gives the series 1:4:7:10:13:16:19:22… A chord extracted from this could be written  (5) 3 || 4, giving 4:7:10:13:16.

La Monte Young

Young has explored the use of very high prime-bases in the frequency-proportions he uses in his compositions.

“Dream House: Seven Years of Sound and Light” is an audio-visual “sound-environment” installation. Young creates the musical part of the presentation, and his wife Marian Zazeela creates the visual part.

His musical language is based on the idea of precisely-tuned high-prime ratios in an extremely slow-moving time-frame. They “environments” which he and Zazeela create together often run for one to several years, and they produce an emotional effect quite unlike more traditional musical performances.

Boethius

Boethius determined the ratios of his chromatic and enharmonic genera by a simple process of determining the arithmetic mean between string-lengths.

He used 499-1 in calculating the ratios of his Enharmonic Trite and ParHypate. This is the highest explicitly required prime-base I have ever found stipulated in the theoretical literature, far beyond anything that modern composers have used.

These large primes are most likely what accounted for the eventual disuse of the chromatic and enharmonic in theory, as Boethius’s diatonic was a simple 3-Limit scale, and was thus much easier to understand to the mathematically unsophisticated Frankish theoreticians who used his De Musica as a starting point for their own systems.

LINKS WITH OTHER MUSICAL TEMPORAL PROCESSES

The first postulate of the theorem of music may rightfully be pitched sound, but a necessary condition of that postulate is extension in time.  ...Clearly, relative deployments of tones in time have as much to do with the perceived auditory image as do pitch relationships.

The analytical system presented in this paper is described mainly with respect to musical harmony.  However, music theorists are increasingly realizing that analysis of actual compositions must take into account other types of temporal processes in music, notably rhythm and meter, and how these are built up into forms. Ben Johnston has done interesting work in this field
.  Also, the relationship of timbre and harmony  has been studied by Wendy Carlos
 and Horst-Peter Hesse
. 

It would be enlightening to study JustMusic proportional prime-number analyses of familiar heard music in many of its different parameters simultaneously, or juxtaposed.  This procedure may illuminate what constitutes a composer's, performer's or culture's stylistic tendencies.

1
n0
45
3251
89
891
133
71191

3
31
47
471
91
71131
135
3351

5
51
49
72
93
31311
137
1371

7
71
51
31171
95
51191
139
1391

9
32
53
531
97
971
141
31471

11
111
55
51111
99
32111
143
111131

13
131
57
31191
101
1011
145
51291

15
3151
59
591
103
1031
147
3172

17
171
61
611
105
315171
149
1491

19
191
63
3271
107
1071
151
1511

21
3171
65
51131
109
1091
153
32171

23
231
67
671
111
31371
155
51311

25
52
69
31231
113
1131
157
1571

27
33
71
711
115
51231
159
31531

29
291
73
731
117
32131
161
71231

31
311
75
3152
119
71171
163
1631

33
31111
77
71111
121
112
165
3151111

35
5171
79
791
123
31411
167
1671

37
371
81
34
125
53
169
132

39
31131
83
831
127
1271
171
32191

41
411
85
51171
129
31431
173
1731

43
431
87
31291
131
1311
175
5271
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� The difference between a 12-EQ “Major Third” and a 5-Limit Just “Major Third”.


� Partch 1974, p 413.


� First recorded in a Babylonian text...


� Randel 1986, p 669.


� I use chroma in its literal meaning of “coloring”; the term has been used with various other definitions.


� see Reisel 1985, p 2.


� see van Noorden, Leon, “Two Channel Pitch Perception”, p 251-269, and Makeig, “Affective Versus Analytic Perception of Musical Intervals”, p 227-250, both in Clynes 1982.


� Ben Johnston, program notes quoted in Cope 1984, p 77.


� [Babylonian notation – MQ]


� For good surveys of this process, see Norton 1984, especially chapters 4-11, and Partch 1974, chapters 15-18.


� See Barker ________


� Barker _______.


� Barker _______________


� see Cleonides, Harmonic Introduction, in Strunk 1950, p 34-46;  also Sadie 1980, vol 7, p 664-665.  An echo of this ancient system is perceivable in some more recent procedures: 1600s English "fasola" and 1800s American shape-note solmization (see Randel 1986, p 302 and 476 respectively), and modern rock lead guitar technique (see Daniels 1979, p 43-51).


� Barker ________.


� see Sadie 1980, article on Alypius.


� Sadie 1980, vol 12, p 803.


� Hughes 1972, p 18; see also Sadie 1980, vol 12, p 802-810.


� From Prosdocimus 1412, "Tractatus de contrapuncto", in Coussemaker 1864-76, vol 3, p 198; quoted in Hughes 1972, p 44-45.


� Hughes 1972, p 44; see p 51 for the five possible meanings of medieval accidentals.


� [Hucbald]______________________________


� A survey of mean-tone temperaments is outside the scope of this work; see Barbour 1953, p 25-44 and 133-151; also Leedy 1991.


� Babbitt 1960, p 247-8.


� see Babbitt 1960, p 247.


� Partch 1974, p 192


� Schoenberg 1978, p 432.


� Schoenberg 1978, p 314.


� see Elster 1991a


� Thomson 1991, p. 97.


� Boethius 1989, p 12.


� Encyclopaedia Britannica 1981, Music article, p 509. Emphasis mine; see footnote 57.


� Babbitt 1960, p 247.


� The exact frequency (to 5 decimal places) of "middle-C" in 12-EQ (tuned to A-440 Hz) is 261.62557 cps, which is 0.38 Semitone (very close to 93/91) higher than my standard.


� Johnston 1964, p 57.


� Partch 1974, p 399.


� Litchfield 1988, p 58-60.


� Randel 1986, p 837; also Barbour, chapter 4.


� Ellis, in Helmholtz 1954, p 41 and 446-51 (first used in the first English edition of 1875).


� For a thorough overview of this subject see Barbour 1953, chapter 6.


� See Boatwright 1965; Barbour 1953.


� See Leedy 1991; Barbour 1953, p 118-119.


� Kaufmann 1963; Partch, p 377.


� See Partch 1974, p 368 and 383-384; Barbour 1953, p 123-125.


� Schoenberg 1978, p 423


� See Benjamin 1967; Partch 1974, p 426-427 and chart on p 430.


� See Hesse 1991 and Sims 1991.


� Descartes 1961, p 12.


� Schoenberg 1978, p 319; emphasis mine.


� Keislar 1987, p 18


� The following articles are just a few examples, among many, of 12-EQ mathematics:  Babbitt 1960; Babbitt, "Set Structure as a Compositional Determinant" and Westergaard, "Composition with Arrays", both in Boretz and Cone 1972; Agmon 1989.


� From Euler 1764, "True Character of Modern Music", quoted in Sadie, vol 14, p 666.


� Schoenberg 1975, p 216.


� Partch 1974, p 87.


� Paraphrased from Partch 1974, p 82.


� Kraehenbuehl and Schmidt 1962, p 57.


� Johnston 1964, p 74.


� Kraehenbuehl and Schmidt 1962, p 37; this is step 4 in their analysis of moving into a "larger dimension".


� Schoenberg 1978, p 321.


� See Makeig, in Clynes 1982, p 241.


� Partch 1974, p 94; see especially p 90-94 and 361-397; also Kraehenbuehl and Schmidt 1962, p 38-43.


� So called because Pythagoras is credited with being the first person to analyze scale materials as a series of powers of 3, although he described it somewhat differently.


� see Fonville 1991, p 109, 113, 115.


� Partch 1974, p 71 and 79-81.


� Johnston 1964, p 74. Thus, that which defines the similarity of the octave is simply prime-base 2. 


� Johnston 1964, p 74.


� Sadie 1980, vol 18, p 757.


� Schoenberg 1978, p 23.


� Daniels ___, p ___.


� Nicomachus, Enchiridion, ch 3; see Barker 1989, p 252.


� Nicomachus, Enchiridion, ch 5, 7; see Barker 1989, p 255, 259.


� Barker 1989, p 37-38.


� See Herlinger 1981 and Herlinger 1985.


� Kraehenbuehl and Schmidt 1962, p 40.


� Hughes 1972, p 19.


� Encyclopaedia Britannica 1981, Music article, p 511.


� See pseudo-Odo, "Enchiridon musices" [c 935], in Strunk 1950, p 105-106.


� Hughes 1972, p19.


� Sadie 1980,  vol ___, p ___.


� Quoted by Theon of Smyrna; see Barker 1989, p 227-229.


� Sadie 1980, vol 12, p 803


� Wilkinson 1988, p 19-21.


� In the Euclidian "Sectio Canonis"; see Barker 1989, p 199.


� A more exact figure is 0.2346 Semitone.


� See Schoenberg 1978, p 427; Partch 1974, p 399-400; Leedy 1986, p 422; Johnston 1964, p 74.


� Sadie 1980, vol 18, p 751; Kraehenbuehl and Schmidt 1962, p 38-40.


� Barbour 1953, p 107-108.


� Kraehenbuehl and Schmidt 1962, p 40.


� Lentz 1961, p 6 and 12-16.


� Ramos 1482, Musica practica, in Strunk 1950, p 203.


� Johnston 1964, p74.


� A more exact figure is 0.0195372 Semitone.


� A more exact figure is 0.2150629 Semitone.


� Reference to Odington in Sadie 1980, vol 13, p 502; see also Partch 1974, p 372 and Barbour 1953, p 3; also reference to Ramos in Sadie 1980, vol 18, p 752.


� Partch 1974, p 365.


� Barker 1989, p 50-51.


� Rosensteil 1977.


� Nicomachus, Enchiridion, ch 11; see Barker 1989, p 263-264.


� Kraehenbuehl and Schmidt 1962, p 38-42.


� Paraphrased from Zarlino 1571, Dimostrazioni armoniche, in Strunk 1950, p 240n.


� Partch 1974, p 369; Barker 1989, p ___.


� Sadie 1980, vol 9, p 756-757.  Note that Ramos called "re" 3-251 (10/9) instead of 32 (9/8).


� Sadie 1980, vol 20, p 646-647.


� Lippius 1977, p 20-24.


� Partch 1974, p 386; Rameau 1971, p 28.  Note that Rameau also calls "re" 3 (10/9): see p 32 and 54.


� Mickelsen 1977, p __.


� Schoenberg 1978, p 24.


� Fonville 1991, p 108.


� Thomson 1991, p ____.


� See Partch 1974, p 385-386 and 389-90 for an amusing account of the details.�w1


� Up to about 1800, much of the theoretical literature presents the analysis of musical ratios as measurements of string lengths on a monochord.  When divisions and multiplications refer to string lengths, the operations performed are inversely related to those performed on frequencies of air vibrations. See Rameau 1971, p xx and 54-55; Partch 1974, p 79-81.


� Partch 1974, p 88-90 and 110-112.


� Partch 1974, p 111.


� Partch 1974, p 372.


� Zarlino, p ___.


� Rameau, p ___.


� Partch 1974, p 110-111; see also p 158-160.


� For the latter, see Rameau 1911, p 20-52.


� Partch 1974, p 110-111 and 181-185; these observations are based on 45 years of Partch's eminently practical experience in building instruments, experimenting, composing, rehearsing, and performing.


� Schoenberg 1978, p 25.


� Schoenberg 1978, p 318: a polemic against Schenker's insistence on the "mysterious number five" as a boundary or limit.


� Partch 1974, p 119 and 126; emphasis Partch's.


� Johnston 1964, p 74.


� Partch 1974, p ___.


� Thomson 1991, p ___.


� Schoenberg 1984, p 207.


� Schoenberg 1984, p 218.


� Schoenberg 1978, p 313-314: "...measured by our intellectual and spiritual powers [the 12-EQ system] is marvellous, but compared with nature, which works with a higher mathematics, it is child's play."


� Schoenberg 1984, p 215-217.


� Schoenberg 1984, p 217.


� Alma Mahler said that "Schoenberg delighted in paradox of the most violent description"; Mahler 1969, p 78.


� Schoenberg 1978, p 418.


� Schoenberg 1969, p 19-20. My independent recognition of similarities between Schoenberg's and Partch's  theories was later corroborated in Gilmore 1992, p 54 footnote 12.


� Schoenberg 1969, p 20.





� Schoenberg 1978, p 24.


� Schoenberg 1978, p 24.


� Schoenberg 1978, p 24.


� Schoenberg 1978, p 21, 423, and 431.


� Schoenberg 1963, p 23n.


� Schoenberg 1978, p _____


� Schoenberg 1978, p 24-25.


� Schoenberg 1984, p 271.


� Hughes 1972, p ___.


� Marchetto, Lucidarium, Treatise 2, ch 7; see Herlinger 1985, p 149.


� Marchetto, Lucidarium, Treatise 2, ch 9; see Herlinger 1985, p 159-161.


� Marchetto, Lucidarium, Treatise 2, ch 5; see Herlinger 1985, p 135.


� Helmholtz 1954, p ___.


� Partch 1974, p ___.


� As recorded on the CD The Jimi Hendrix Experience, "Are You Experienced", Reprise 6261-2, Track 10.


� Rameau 1971, p ___.


� Fonville 1991, p ___.


� Fonville 1991, p ___.


� See Sims 1988 and 1991.  I have uncovered a few minor mathematical (really typographical) errors in the latter article: 


p 244:    13/12  “sixth-low A”  should be  13/8


(13/12 is the correct ratio for “sixth-low D”)


p 245:    93/48  should be  93/64


p 246:  165/132  should be  165/128.


Also, in this completed scale the prime numbers 41, 47, 53, 89, and 151 appear once each in some of the ratios; these pitch-classes were not obtained by the process of transposition which Sims outlines. In a communication with the author, he stated that they were included more-or-less arbitrarily, on the principle that they are they smallest integer-proportions which fit into their associated “slots” in the complete scale..


� Sims 1991, p 240.


� As recorded on the CD The Louis Armstrong Saga, Sony Music Special Products A 13294, Track 7. See Sims 1988 and 1991.


� My results will appear in a future article.


� Hesse 1991, p 221. My descriptions are taken from this article.


� Correspondence from Joe Kubera, in Perspectives of New Music, vol 32, no 1 [Winter 1994], p 330-331, gave a partial analysis of this piece. As Young has expressed interest in my work, I will in the future be able to supply analyses of his pieces.


� Thomson 1991, p 188 and 127.


� Johnston 1964, p 62; Elster 1991, p 147-158; Shinn 1977, p 151-159.


� Wilkinson 1988, p 47-51.


� Hesse, Horst-Peter, "The Judgment of Musical Intervals", in Clynes 1982, p 217-225.
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